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Abstract 

We formulate a very general conjecture relating the analytical invariants of a normal 
surface singularity to the Seiberg-Witten invariants of its link provided that the link 
is a rational homology sphere. As supporting evidence, we establish its validity for a 
large class of singularities: some rational and minimally elliptic (including the cyclic 
quotient and "polygonal") singularities, and Brieskorn-Hamm complete intersections. 
Some of the verifications are based on a result which describes (in terms of the plumbing 
graph) the Reidemeister-Turacv sign refined torsion (or, equivalently, the Seiberg- 
Witten invariant) of a rational homology 3-manifold M , provided that M is given by 
a negative definite plumbing. 
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Fintushel-Stern and Neumann-Wahl. 
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1 Introduction 

The main goal of the present paper is to formulate a very general conjecture 
which relates the topological and the analytical invariants of a complex normal 
surface singularity whose link is a rational homology sphere. 

The motivation for such a result comes from several directions. Before we 
present some of them, we fix some notations. 

Let {X, 0) be a normal two-dimensional analytic singularity. It is well-known 
that from a topological point of view, it is completely characterized by its link 
M, which is an oriented 3-manifoId. Moreover, by a result of Neumann [33], 
any decorated resolution graph of (X, 0) carries the same information as M . 
A property of {X,0) will be called topological if it can be determined from M, 
or equivalently, from any resolution graph of (X, 0) . 

It is interesting to investigate, in which cases (some of) the analytical invariants 
(determined, say, from the local algebra of {X, 0)) are topological. In this article 
we are mainly interested in the geometric genus pg of {X, 0) (for details, see 
section 4). 

Moreover, if {X, 0) has a smoothing with Milnor fiber F , then one can ask the 
same question about the signature cr{F) and the topological Euler characteristic 
Xtop{F) of F as well. It is known (via some results of Laufer, Durfee, Wahl 
and Steenbrink) that for Gorenstein singularities, any of pg, (j{F) and Xtop{F) 
determines the remaining two modulo a certain invariant + of the link 
M . Here K is the canonical divisor, and #V is the number of irreducible 
components of the exceptional divisor of the resolution. We want to point out 
that this invariant coincides with an invariant introduced by Gompf in [14] (see 
Remark 4.8). 

The above program has a long history. M Artin proved in [3, 4] that the 
rational singularities (ie Pg = Q) can be characterized completely from the 
graph (and he computed even the multiplicity and embedding dimension of 
these singularities from the graph). In [21], H Laufer extended these results 
to minimally elliptic singularities. Additionally, he noticed that the program 
breaks for more complicated singularities (for details, see also section 4). On the 
other hand, the first author noticed in [28] that Laufer's counterexamples do not 
signal the end of the program. He conjectured that if we restrict ourselves to the 
case of those Gorenstein singularities whose links are rational homology spheres 
then some numerical analytical invariants (including pg) are topological. This 
was carried out explicitly for elliptic singularities in [28]. 



Geometry & Topology, Volume 6 (2002) 



Seiberg-Witten invariants and surface singularities 



271 



On the other hand, in the hterature there is no "good" topological candidate for 
Pg in the very general case. In fact, we are searching for a "good" topological 
upper bound in the following sense. We want a topological upper bound for 
Pg for any normal surface singularity, which, additionally, is optimal in the 
sense that for Gorenstein singularities it yields exactly pg . Eg, such a "good" 
topological upper bound for elliptic singularities is the length of the elliptic 
sequence, introduced and studied by SS-T Yau (see, eg [53]) and Laufer. 

In fact, there are some other particular cases too, when a possible candidate is 
present in the literature. Fintushel and Stern proved in [10] that for a hypersur- 
face Brieskorn singularity whose link is an integral homology sphere, the Casson 
invariant A(M) of the link M equals a{F)/8 (hence, by the mentioned corre- 
spondence, it determines pg as well). This fact was generalized by Neumann 
and Wahl in [35]. They proved the same statement for all Brieskorn-Hamm 
complete intersections and suspensions of plane curve singularities (with the 
same assumption, that the link is an integral homology sphere). Moreover, 
they conjectured the validity of the formula for any isolated complete inter- 
section singularity (with the same restriction about the link). For some other 
relevant conjectures the reader can also consult [36]. 

The result of Neumann-Wahl [35] was reproved and reinterpreted by Collin and 
Saveliev (see [7] and [8]) using equivariant Casson invariant and cyclic covering 
techniques. But still, a possible generalization for rational homology sphere 
links remained open. It is important to notice that the "obvious" generalization 
of the above identity for rational homology spheres, namely to expect that 
a{F)/8 equals the Casson-Walker invariant of the link, completely fails. 

In fact, our next conjecture states that one has to replace the Casson invariant 
A(M) by a certain Seiberg-Witten invariant of the link, ie, by the difference of 
a certain Reidemcister-Turaev sign-refined torsion invariant and the Casson- 
Walker invariant (the sign-change is motivated by some sign-conventions already 
used in the literature). 

We recall (for details, see section 2 and 3) that the Seiberg-Witten invariants 
associates to any spin^ structure a oi M a, rational number sw^ (o") . In order 
to formulate our conjecture, we need to fix a "canonical" spin^ structure dean 
of M . This can be done as follows. The (almost) complex structure on X \ {0} 
induces a natural spin'^ structure on X \ {0}. Its restriction to M is, by 
definition, acan- The point is that this structure depends only on the topology 
of M alone. 

In fact, the spin^ structures correspond in a natural way to quadratic functions 
associated with the linking form of M ; by this correspondence a can corresponds 
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to the quadratic function —qlw constructed by Looijenga and Wahl in [25]. 
We are now ready to state our conjecture. 

Main Conjecture Assume that {X, 0) is a normal surface singularity whose 
link M is a rational homology sphere. Let Ocan be the canonical spin'^ structure 
on M . Then, conjecturally, the following facts hold. 

(1) For any {X, 0), there is a topological upper bound for pg given by: 

SW^^ (cTcan) ^ > Pg- 

(2) If {X,0) is Q-Gorenstein, then in (1) one has equality. 

(3) In particular, if {X, 0) is a smoothing of a Gorenstein singularity {X, 0) 
with Milnor hber F , then 

/ ^ ^(F) 
-SW M{(Tcan) = 



If {X, 0) is numerically Gorenstein and M is a ^2 —homology sphere then dean 
is the unique spin structure of M ; if M is an integral homology sphere then in 
the above formulae — sw^((Tcan) = A(M), the Casson invariant of M . 

In the above Conjecture, we have automatically built in the following statements 
as well. 

(a) For any normal singularity {X, 0) the topological invariant 

SWMicTcan) ^ 

is non-negative. Moreover, this topological invariant is zero if and only if (X, 0) 
is rational. This provides a new topological characterization of the rational 
singularities. 

(b) Assume that {X,0) (equivalently, the link) is numerically Gorenstein. 

Then the above topological invariant is 1 if and only if {X, 0) is minimally 
elliptic (in the sense of Laufer). Again, this is a new topological characteriza- 
tion of minimally elliptic singularities. 

In this paper we will present evidence in support of the conjecture in the form of 
explicit verifications. The computations are rather arithmetical, involving non- 
trivial identities about generalized Fourier-Dedekind sums. For the reader's 
convenience, we have included a list of basic properties of the Dedekind sums 
in Appendix B. 
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In general it is not easy to compute the Seiberg-Witten invariant. In our 
examples we use two different approaches. First, the (modified) Seiberg-Witten 
invariant is the sum of the Kreck-Stolz invariant and the number of certain 
monopoles [6, 24, 26]. On the other hand, by a result of the second author, it 
can also be computed as the difference of the Reidemeister-Turaev torsion and 
the Casson- Walker invariant [41] (for more details, see section 3). Both methods 
have their advantages and difficulties. The first method is rather explicit when 
M is a Seifert manifold (thanks to the results of the second author in [38] , cf also 
with [27]), but frequently the corresponding Morse function will be degenerate. 
Using the second method, the computation of the Reidemeister-Turaev torsion 
leads very often to complicated Fourier-Dedekind sums. 

In section 5 we present some formulae for the needed invariant in terms of the 
plumbing graph. The formula for the Casson-Walker invariant was proved by 
Ratiu in his thesis [45], and can be deduced from Lescop's surgery formulae as 
well [23]. Moreover, we also provide a similar formula for the invariant K'^ + ^V 
(which generalizes the corresponding formula already known for cyclic quotient 
singularities by Hirzebruch, see also [18, 25]). The most important result of this 
section describes the Reidemeister-Turaev torsion (associated with any spirf 
structure) in terms of the plumbing graph. The proof is partially based on 
Turacv's surgery formulae [49] and the structure result [48, Theorem 4.2.1]. 
Wc have deferred it to Appendix A. 

In our examples we did not try to force the verification of the conjecture in the 
largest generality possible, but we tried to supply a rich and convincing variety 
of examples which cover different aspects and cases. 

In order to eliminate any confusion about different notations and conventions 
in the literature, in most of the cases we provide our working definitions. 

Acknowledgements The first author is partially supported by NSF grant 
DMS-0088950; the second author is partially supported by NSF grant DMS- 
0071820. 

2 The link and its canonical spirf structure 

2.1 Definitions Let (^,0) be a normal surface singularity embedded in 
(C^,0). Then for e suflficiently small the intersection M := X n 5^^-^ of a 
representative X of the germ with the sphere S^^~^ (of radius e) is a compact 
oriented 3-manifold, whose oriented type does not depend on the choice 
of the embedding and e. It is called the link of {X, 0). 
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In this article we will assume that M is a rational homology sphere, and we 
write H := Hi{M, Z) . By Poincare duality H can be identified with H'^{M, Z) . 

It is well-known that M carries a symmetric non-singular bilinear form 

bu- H xH ^ Q/Z 

called the linking form of M. If [vi] and [^2] G H are represented by the 1- 
cycles vi and V2 , and for some integer n one has nvi = dw, then 6m (["yi], [V2]) = 
{w ■ V2)/n (mod Z). 

2.2 The linking form as discriminant form We briefly recall the def- 
inition of the discriminant form. Assume that L is a finitely generated free 
Abelian group with a symmetric bilinear form (, ): L x L — >■ Z. Set L' := 

Hom2(L,Z). Then there is a natural homomorphism i/,: L — > L' given by 
X 1-^ (x,-) and a natural extension of the form ( , ) to a rational bilinear form 
( , )q : L' X L' — > Q. If (ii, £^2 € L' and ndj = ihi'^j) (j = 1,2) for some integer 
n, then (^1,^2)0 = <^2(ei)/n = (ei,e2)/n^. 

If L is non-degenerate (ie, is a monomorphism) then one defines the discrimi- 
nant space D{L) by cokei (il) ■ In this case there is a discriminant bilinear form 

bD(L) ■■ D{L) X D{L) ^ Q/Z 

defined by 6d(l)([(^i]> [^^2]) = ((^i,c?2)q (mod Z). 

Assume that M is the boundary of a oriented 4-manifold N with Hi {N, Z) = 
and H2{N,Z) torsion-free. Let L be the intersection lattice (^H2{N,Z),{, )) . 
Then L' can be identified with H2{N,dN,Z) and one has the exact sequence 
L ^ L' H ^ 0. The fact that M is a rational homology sphere implies that 
L is non-dcgcnerate. Moreover {H, hu) = {D{L), — ^^(L)) • Sometimes it is also 
convenient to regard L' as H^{N,Z) (identification by Poincare duality). 

2.3 Quadratic functions and forms associated with A map q: H ^ 

Q/Z is called quadratic function if b{x, y) = q{x + y) — q{x) — q{y) is a bilinear 
form on H X H . If in addition q{nx) = n^q{x) for any x ^ H and n G 
Z then q is called quadratic form. In this case we say that the quadratic 
function, respectively form, is associated with b. Quadratic forms are also 
called quadratic refinements of the bilinear form b. 

In the case of the link M , we denote by Q'^{M) (respectively by Q{AI)) the 
set of quadratic functions (resp. forms) associated with bu- Obviously, there 
is a natural inclusion Q(M) C Q'^{M). 
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The set Q{M) is non-empty. It is a G := H^{M,Z2) torsor, ie, G acts freely 
and transitively on Q{M). The action can be easily described if we identify G 
with Hom(iJ, Z2) and we regard Z2 as (^Z)/Z C Q/Z. Then, the difference 
of any two quadratic refinements of 6m is an element of G, which provides a 
natural action G x Q{M) — Q{M) given by (x,^) 1-^ X + 

Similarly, the set Q^{M) is non-empty and it is a ^ = Hom(ii", Q/Z) torsor. 
The free and transitive action H x Q^(M) Q^{M) is given by the same 
formula (X) 9) ^ X + 'Z- particular, the inclusion Q{M) C Q^{M) is G- 
equivariant via the natural monomorphism G ^ H . We prefer to replace the 
H action on Q^iM) by an action of H. This action H x Q^^M) Q''{M) is 
defined by (/i, q) ^ q + bM{h, •). Then the natural monomorphism G ^ H is 
replaced by the Bockstein-homomorphism G = i7^(M, Z2) — > H'^{M,Z) = H . 
In the sequel we consider Q'^(M) with this if -action. 

Quadratic functions appear in a natural way. In order to see this, let A'^ be 
as in 2.2. Pick a characteristic element, that is an element k e L' , so that 
(x,x) -I- k{x) G 2Z for any x E L. Then for any d E L' with class [d\ E H , 
define ^ 

QD{L),k{[d]) ■■= 2 id + k,d)Q (mod Z). 

Then —qD{L),k ^ quadratic function associated with hM = —^^{L)- If 
addition k G Im(iL), then —qD{L),k a quadratic refinement of 6m- 

There are two important examples to consider. 

First assume that N is an almost- complex manifold, ie, its tangent bundle TN 
carries an almost complex structure. By Wu formula, k = —ci{TN) G L' is a 
characteristic element. Hence —qD{L),k is a quadratic function associated with 
6m- If ci{TN) G Im(i^) then we obtain a quadratic refinement. 

Next, assume that N carries a spin structure. Then W2{N) vanishes, hence by 
Wu formula ( , ) is an even form. Then one can take A; = 0, and —qD{L),o is a 
quadratic refinement of 6m • 

2.4 The spin structures of M The 3-manifold M is always spinnable. 
The set Spin{M) of the possible spin structures of M is a G-torsor. In fact, 
there is a natural (equivariant) identification of q : Spin{M) — > Q{M). 

In order to see this, fix a spin structure e G Spin{M). Then there exists a 
simple connected oriented spin 4-manifold N with dN = M whose induced 
spin structure on M is exactly e (see, eg [15, 5.7.14]). Set L = {H2{N,7j), ( , )). 
Then the quadratic refinement —qD{L),o (cf 2.3) of 6m depends only on the 
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spin structure e and not on the particular choice of N. The correspondence 
e I— > —Qd{l),o determines the identification q mentioned above. 

2.5 The spin'^ structures on M We denote by Spirf{M) the space of 

isomorphism classes of spirf structures on M . Spin'^{M) is in a natural way a 
H = if2(M, Z)-torsor. We denote this action H x Spirf{M) Spirf{M) by 
{h, a) t—i- h ■ a . For every a G Spirf{M) we denote by the associated bundle 
of complex spinors, and by deter the associated line bundle, deter := detSo-. 
We set c(cr) := ci(So-) G H. Note that c{h ■a) = 2h + c{a). 

Spi'nF{M) is equipped with a natural involution cr < — > a such that 

c(cj) = —c{a) and h - a = {—h) ■ a. 

There is a natural injection e a{e) of Spin{M) into Spin^(M) . The image 
of Spin{M) in Spin^{M) is 

{ct G Spin^M); c{a) = 0} = {a € Spin%M); a = a}. 

Consider now a 4-manifold N with lattices L and L' as in 2.2. We prefer 
to write L' = (N, Z) , and denote by d i-^ [d] the restriction map L' = 
H'^{N,Z) H'^{M,Z) = H. 

Then N is automatically a spin'^ manifold. In fact, the set of spin'^ structures 
on N is parametrized by the set of characteristic elements 

Cn := {keL' : k{x) + {x, x) G 2Z for all x G L} 

via a 1-^ c(cr) G Cm (see. eg [15, 2.4.16]). The set Spirf{N) is an L' torsor 
with action (d, a) ^ d ■ a. Let r: Spirf{N) — > Spirf{M) be the restriction. 
Then r(d • a) = [d] • r(a) and c(r(a)) = [c{a)] . 

Moreover, notice that r{a) = r{d ■ a) if and only if [d] = 0, ie d G L. If this is 
happening then c{u) — c{d ■ a) E 2L. 

2.6 Lemma There is a canonical H -equivariant identification 

q": Spin%M) Q\M). 

Moreover, this identification is compatible with the G cquivariant identification 
q : Spin{M) Q{M) via the inclusions Spin{M) C Spin^^M) and Q{M) C 
Q%M). 
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Proof Let be as above. We first show that r is onto. Indeed, take any 
a € Spirf'{N) with restriction a G Spirf{M). Then ah the elements in the 
-orbit of (7 are induced structures. But this orbit is the whole set. Next, 
define for any u corresponding to A; = c{a) the quadratic function qD{L),k- 
Then r{a) = r{d ■ a) if and only ii d e L. This means that c{a) — c{d • a) G 2L 
hence c{a) and c{d-a) induce the same quadratic function. Hence q'^{r{a)) := 
~QD(L),c{a) is well-defined. Finally, notice that q'^ does not depend on the choice 
of N, fact which shows its compatibility with q as well (by taking convenient 
spaces N). □ 



2.7 M as a plumbing manifold Fix a sufficiently small (Stein) represen- 
tative X of {X, 0) and let vr : X ^ X he a resolution of the singular point 
G X. In particular, X is smooth, and tt is a biholomorphic isomorphism 
above X \ {0}. We will assume that the exceptional divisor E := 7r~-'^(0) is 
a normal crossing divisor with irreducible components {Ey}y^y. Let r(7r) be 
the dual resolution graph associated with vr decorated with the self intersection 
numbers {{Ey, Ejj)}y . Since M is a rational homology sphere, all the irreducible 
components Ey of E are rational, and r(7r) is a tree. 

It is clear that i?i(X,Z) = and H2{X,'L) is freely generated by the funda- 
mental classes Let / be the intersection matrix {{Ey,Ey,)}y^yj. Since 
TT identifies dX with M, the results from 2.2 can be applied. In particular, 
H = coker(/) and Im = —bD{i) ■ The matrix / is negative definite. 

The graph r(7r) can be identified with a plumbing graph, and M can be consid- 
ered as an 5^ -plumbing manifold whose plumbing graph is r(7r) . In particular, 
any resolution graph r(7r) determines the oriented 3-manifold M completely. 

We say that two plumbing graphs (with negative definite intersection forms) are 
equivalent if one of them can be obtained from the other by a finite sequence 
of blowups and/or blowdowns along rational (— l)-curves. Obviously, for a 
given (X, 0), the resolution vr, hence the graph r(7r) too, is not unique. But 
different resolutions provide equivalent graphs. By a result of W. Neumann [33], 
the oriented diffeomorphism type of M determines completely the equivalence 
class of r(7r). In particular, any invariant defined from the resolution graph 
r(7r) (which is constant in its equivalence class) is, in fact, an invariant of the 
oriented C°° 3-manifold M . This fact will be crucial in the next discussions. 

Now, we fix a resolution vr as above and identify M = dX . Let K be the 
canonical class (in Pic{X) ) of X. By the adjunction formula, 

K ■ Ey = Ey ■ Ey -\- 2 
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for any v e V. In fact, K at homological level provides an element k-^ e L' 
which has the obvious property 

-k^{[E^]) = {[E^], [E^]) + 2 for any veV. 

Since the matrix / is non-degenerate, this defines k-^ uniquely. 

—k-^ is known in the literature as the canonical (rational) cycle of {X,0) as- 
sociated with the resolution vr. More precisely, let Zk = St.gv ^"^i" ^ Q) 
be a rational cycle supported by the exceptional divisor E, defined by 

ZK-Ey = -K ■E^ = E^-Ey + 2 for any veV. (*) 

Then the above linear system has a unique solution, and r„ [Ey] G L (g) Q 
can be identified with (i^ Q)~^( — fej^) • 

It is clear that —kj^ S Im(ii) if and only if all the coefficients {r^}^ of Zk 
are integers. In this case the singularity {X, 0) is called numerically Gorenstein 
(and we will also say that "M is numerically Gorenstein"). 

In particular, for any normal singularity (X, 0) , the resolution tt provides a 
quadratic function — to(7),jk^ associated with hM, which is a quadratic form if 
and only if {X, 0) is numerically Gorenstein. 

2.8 The universal property of J) In [25], Looijenga and Wahl define 
a quadratic function qlw (denoted by q in [25]) associated with 6m from the 
almost complex structure of the bundle TM © Mm (where TM is the tangent 
bundle and Mm is the trivial bundle of M). By the main universal property 
of qlw (see [loc. cit.], Theorem 3.7) (and from the fact that any resolution tt 
induces the same almost complex structure on TM © Mm ) one gets that for any 
TT as in 2.7, the identity qiw = —QD{i),k-^ is valid. This shows that qD{i),k-^ 
does not depend on the choice of the resolution tt. 

This fact can be verified by elementary computation as well: one can prove that 
QD{i),kj^ is stable with respect to a blow up (of points of £■). 

2.9 The "canonical" spin'^ structure of a singularity link Assume 
that M is the link of {X,0). Fix a resolution tt: X ^ X as in 2.7. Then 
TT determines a "canonical" quadratic function Qcan •= —QD{i),kj^ associated 
with 6m which does not depend on the choice of tt (cf 2.8). Then the natural 

identification q*^: Spin'^(M) Q'^{M) (cf 2.3) provides a well-defined spin'^ 
structure {c\'^)^^ (qcan) ■ Then the "canonical" spin'^ structure acan on M is 
{(\'^)~^ {qcan) modified by the natural involution of Spin'^{M). In particular. 
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c{acan) = ~[^x] ^ (Equivalently, Ccan is the restriction to M of the 
spirf' structure given by the characteristic element —kj^^Cj^.) If {X,{)) is 
numericahy Gorcnstcin then Ucan is a spin structure. In this case we will use 
the notation tcan = c^can as well. 

We want to emphasize (again) that acan depends only on the oriented C°° 
type of M (cf also with 2.11). Indeed, one can construct Qcan as follows. Fix 
an arbitrary plumbing graph F of M with negative definite intersection form 
(lattice) L. Then determine by 2.7(*), and take 



Then ^con does not depend on the choice of F . 

It is remarkable that this construction provides an "origin" of the torsor space 

2.10 Compatibility w^ith the (almost) complex structure As wc have 
already mentioned in 2.8, the result of Looijenga and Wahl [25] implies the fol- 
lowing: the almost complex structure on X \ {0} determines a spin'^ structure, 
whose restriction to M is acan ■ Similarly, if tt : X — X is a resolution, then 
the almost complex structure on X gives a spirf structure on X, whose 
restriction to M is (Jean- Here we would like to add the following discussion. 
Assume that the intersection form ( , )^ is even, hence X has a unique spin 
structure e^. The point is that, in general, cr^ ^ e^, and their restrictions 
can be different as well, even if the restriction of cr^ is spin. 

More precisely: ( , )jf is even if and only if kj^ € 2L'; r{aj^) G Spin{M) if and 
only if kj^ G L; and finally, r(a"^) = r(e^) if and only if ki^ G 2L. 

2.11 Remarks 

(1) In fact, by the classification theorem of plumbing graphs given by Neumann 
[33], if M is a rational homology sphere which is not a lens space, then already 
7ri(M) (ie, the homotopy type of M) determines its orientation class and its 
canonical spinP structure. Indeed, if one wants to recover the oriented type 
of M from its fundamental group, then by Neumann's result the only ambiguity 
appears for cusp singularities (which are not rational homology spheres) and for 
cyclic quotient singularities. The links of cyclic quotient singularities are exactly 
the lens spaces. In fact, if we assume the numerically Gorenstein assumption, 
even the lens spaces are classified by their fundamental groups (since they are 
exactly the du Val yip -singularities). 
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(2) If M is a numerically Gorenstein Z2-liomology sphere, the definition of 
Ccan is obviously simpler: it is the unique spin structure of M. If M is an 
integral homology sphere then it is automatically numerically Gorenstein, hence 
the above statement applies. 

(3) Assume that (X, 0) has a smoothing with Milnor fiber F whose homology 
group Hi{F,Z) has no torsion. Then the (almost) complex structure of F 
provides a spin'^ structure on F whose restriction to M is exactly acan ■ This 
follows (again) by the universal property of qLM ([25, Theorem 3.7], ; cf also 
with 2.8). 

Moreover, F has a spin structure if and only if the intersection form ( , ) oi F 
is even (see eg [15, 5.7.6]); and in this case, the spin structure is unique. If F is 
spin, then its spin structure ep coincides with the spirf structure induced by 
the complex structure (since the canonical bundle of F is trivial). In particular, 
if F is spin, acan is the restriction of ep, hence it is spin. This also proves that 
if (X, 0) has a smoothing with even intersection form and without torsion in 
Hi {F, Z) , then it is necessarily numerically Gorenstein. 

Here is worth noticing that the Milnor fiber of a smoothing of a Gorenstein 
singularity has even intersection form [46]. 

(4) Clearly, gcon depends only on Zk (mod 2Z). 

2.12 The invariant K"^ + #V Fix a resolution tt: X ^ X of (X,0) as in 
2.7, and consider Zk or kj^. The rational number Zk ■ Zk = {kj^,kj^)(Q will 
be denoted by . Let #V denote the number of irreducible components of 
E = 7r~^(0). Then K"^ + #V does not depend on the choice of the resolution 
TT. In fact, the discussion in 2.7 and 2.9 shows that it is an invariant of M. 
Obviously, if {X, 0) is numerically Gorenstein, then K'^ + # V G Z . 



2.13 Notation Let X as above. Let {Ey}y^y be the set of irreducible 

exceptional divisors and a small transversal disc to Ey. Then {[£^„]}„ (resp. 
{[!)„]}„) are the free generators of L = H2{X,Z) (resp. L' = H2{X,M,Z)) 
with [Dy] ■ [Eu,] = 1 if V = w and = otherwise. Moreover, := [dDy] 
{v e V) is a generator set of L'/L = H . In fact dD^ is a generic fiber of 
the S*^ -bundle over E^ used in the plumbing construction of M. If 7 is the 
intersection matrix defined by the resolution (plumbing) graph, then i l written 
in the bases {[iiJ^]}^ and {[-D?;]}?; is exactly I. 



Qeometry & Topology, Volume 6 (2002) 



Seiberg-Witten invariants and surface singularities 



281 



Using this notation, k-^ G L' can be expressed as e„ — 2)[D^], where 

= Ey ■ £',„. For the degree of v (ie, for #{w : E^j ■ Ey = 1}) we will use the 
notation 6^ . Obviously 

= — 2 X Euler characteristic of the plumbing graph + 2#V = 2^7 — 2. 

V 

Most of the examples considered later are star-shaped graphs. In these cases it 
is convenient to express the corresponding invariants of the Seifert 3-manifold 
M in terms of their Seifert invariants. In order to eliminate any confusion 
about the different notations and conventions in the literature, we list briefly 
the definitions and some of the needed properties. 

2.14 The unnormalized Seifert invariants Consider a Seifert fibration 
tt: M ^ S. In our situation M is a rational homology sphere and the base 
space S is an with genus (and we will not emphasize this fact anymore). 

Consider a set of points {xi}'^^-^ in such a way that the set of fibers {Tr'~^{xi)}i 
contains the set of singular fibers. Set Oj := 7r~^{xi). Let Di be a small disc 
in X containing Xi, E' := E \ UjA and M' := 7r"^(S'). Now, tt: M' E' 
admits sections, let s: E' — M' be one of them. Let Qi := s{dDi) and let 
Hi be a circle fiber in Tr''^{dDi). Then in Hi{Tr~^{Di),Z) one has Hi ~ ajOj 
and Qi ~ —PiOi for some integers > and (3i with {ai,(3i) = 1. The 
set {{oi, Pi)i^i) constitute the set of (unnormalized) Seifert invariants. The 
number 

e := - ^{l3i/ai) 

i 

is called the (orbifold) Euler number of M. If M is a link of singularity then 
e < 0. 

Replacing the section by another one, a different choice changes each f3i within 
its residue class modulo ai in such a way that the sum e = ~^i{Pi/cei) is 
constant. 

The elements qi = [Qi] {I < i < i^) and the class h of the generic fiber H 
generate the group H = Hi{M,Z). By the above construction is clear that: 

H = ab(gi, ...qu,h \ qi-.-q^ = 1, qf'h'^' = 1, for all i). 

Let a := lcm(Q;i, . . . ,a^). The order of the group H and of the subgroup (h) 
can be determined by (cf [32]): 

\H\ = ai ■ ■ ■ a^\e\, \{h)\ = a\e\. 
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2.15 The normalized Seifert invariants and plumbing graph We 

write 

e = b + y^^Uj/aj 

for some integer b, and < < with cvi = —(5i (mod Oj). Clearly, these 
properties define {coiji uniquely. Notice that < e < 0. For the uniformity of 
the notations, in the sequel we assume u >S. 

For each i, consider the continued fraction aj/wj = bn — l/(6i2 — ~ 
\/biin) ■ ■ ■) . Then (a possible) plumbing graph of M is a star-shaped graph 
with u arms. The central vertex has decoration b and the arm corresponding 
to the index i has Mj vertices, and they are decorated by . . . , bil,^ (the vertex 
decorated by bn is connected by the central vertex). 

We will distinguish those vertices v &V oi the graph which have 5^ ^ 2. We 
will denote by vq the central vertex (with 5 = v)^ and by Vi the end- vertex of 
the i*'^ arm (with (5 = 1 ) for all 1 < z < z/ . In this notation, g^^ = h, the class 
of the generic fiber. Moreover, using the plumbing representation of the group 
H , we have another presentation for H , namely: 

V 

H = dh{gyj^,. ..gv,,h\h~'' = Yl9^-, h = g%l for ah i). 

3 Seiberg— Witten invariants of Q— homology spheres 

In this section we consider an oriented rational homology 3-sphere M . We set 
R := H^{M,Z). When working with the group algebra Q[H] of H it is more 
convenient to use the multiplicative notation for the group operation of H . 

3.1 The Seiberg— Witten invariants of M To describe the Seiberg- 
Witten invariants we need to fix some additional geometric data belonging 
to the space of parameters 

7 = {{g,rj); g = Riemann metric, rj = closed two-form}. 

For each spin'^ structure cr on M (cf 2.5), we have the space of configurations 
C(j (associated with a) consisting of pairs C = {tp,A), where -0 is a section of 
and A is a Hermitian connection on det a. The gauge group S := Map (M, S^) 
acts on Ccr ■ Moreover, it acts freely on the irreducible part 
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and the quotient "B^J^ := C^'^/S can be equipped with a structure of Hilbert 
manifold. Every parameter u = {g,rj) y defines a 9^nvariant function 
^a,u- — >■ M whose critical points are called the {a, g,r])-Seiberg-Witten 
monopoles. In particular, J^jU descends to a smooth function '^cr,u\ '■ ^a*^ ~^ ^• 
We denote by QJIJ^^J^ its critical set. 

The first Chern class c{a) of §(j is a torsion element of H^[M, Z) , and thus the 
curvature of any connection on det a is an exact 2-form. In particular we can 
find an unique S -equivalence class of connections A on det a with the property 
that 

Fa = iv- (t) 

Using the metric g on M (which is part of our parameter u) and a connec- 
tion Au satisfying (f ) , we obtain a spin'^-Dirac operator ■ To define the 
Seiberg-Witten invariants we need to work with good parameters, ie, parame- 
ters u such that the following two things happen. 

• The Dirac operator is invertible. 

• The function [S'a,u] is Morse, and ^a,u consists of finitely many points. 

The space of good parameters is generic. Fix such a good parameter u. Then 
each critical point has a well defined Z2 -valued Morse index 

m: 9Jl-;-{±l} 

and we set 

swm(c, = ^ 'm{x) G Z. 

This integer depends on the choice of the parameter u and thus it is not a 
topological invariant. To obtain an invariant we need to alter this monopole 
count. 

The eta invariant of depends only on the gauge equivalence class of A^, 
and we will denote it by r]air{o;u). The metric g defines an odd signature 
operator on M whose eta invariant we denote by r]sign{u). Now define the 
Kreck-Stolz invariant associated with the data (o", u) by 

KSuicr, u) := Ar]dir{(^, u) + r]sign{u) G Q. 
We have the following result. 
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3.2 Theorem [6, 24, 26] The rational number 

\kSm{(^, u) + swm{(^, u) 

o 

is independent of u and thus it is a topological invariant of the pair (M, a) . 
We denote this number by sw^((t). Moreover 

sw^((7) = sw^(a). (*) 

It is convenient to rewrite the collection {sw^(cr)}o- as a function H ^ Q (see 
eg the Fourier calculus below). For every spin'^ structure cr on M we consider 

SW%^, := J2 ^<lih-' ■ a)h G q[H]. 
heH 

Equivalently, SW^^., as a function — Q, is defined by SW^^^{h) = 
s-w\^{h~^ ■ a). The symmetry condition 3.2(*) implies 

SWl^^^{h) = SWlt,a{h~^) for all heH. 

This description is very difficult to use in concrete computations unless we have 
very specific information about the geometry of M . This is the case of the 
Seifert 3-manifolds, see [37, 38] for the complete presentation. In the next 
subsection we recall some facts needed in our computations. The interested 
reader is invited to consult [loc. cit.] for more details. 

3.3 The Seiberg— Witten invariants of Seifert manifolds We will use 
the notations of 2.14 and 2.15; nevertheless, in [11, 27, 38] (and in general, in 
the gauge theoretic literature) some other notations became generally accepted 
too. They will be mentioned accordingly. 

In [27, 38] a Seifert manifold is regarded as the unit circle sub-bundle of an 
(orbifold) F-line bundle over a 2-dimensional F-manifold (orbifold) S. The 
2 -dimensional orbifold in our case is (with v conical singularities each with 
angle ^ , z = 1, . . . , z/). 

The space of isomorphisms classes of topological F-line bundles over S is an 
Abelian group PicJ^p(S). Its is a subgroup of Q x ni'=i ^a<' correspond- 
ingly we denote its elements by {u + l)-uples 

L{c; — , — ), 

ai ai, 
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where < Ti < ai , i = 1, ■ ■ ■ , v . The number c is called the rational degree, 
while the fractions ^ are called the singularity data. They are subject to a 
single compatibility condition 



=1 * 



To any IZ-line bundle L(c; 1 < i < v) we canonically associate a smooth 
line bundle |L| — > E = uniquely determined by the condition 



V 

Ti 



deg\L\ =c- V— . 



1=1 



The canonical F-line bundle Ky; has singularity data {ai — l)/ai ioi 1 < i < u, 
and deg \Kj:\ = —2, hence rational degree 



1^ -. 
K := deg^ i^s = -2 + y f 1 ) 



The Seifert manifold M with non-normalized Seifert invariants ((oj, /5t)iLi) {or, 
equivalently, with normalized Seifert invariants (5; (a,, Wj)^^]^) , cf 2.15), is the 
unit circle bundle of the F-line bundle Lq with rational degree i = e, and 
singularity data 

— , 1 <i <u, (wj = -Pi (mod ai)). 

Denote by (Lq) C PicJ^p(E) the cyclic group generated by Lq. Then one has 
the following exact sequence: 

^ (Lo) ^ PicJ^p(S) ^ PiCtop(M) ^ 0, 

where vr* is the pullback map induced by the natural projection vr: M — > S. 
Therefore, the above exact sequence identifies for every L G PicJ^p(S) the 
pullback 7r*(L) with the class [L] G Pic]^p(S)/(Lo) . 

For every L G PicJ^p(S) , c := deg^ L we set 

deg^K^-2c^^_c 
^ 2£ U i 

For every class 7i G Picfop(M) we can find an unique G Pic^p(S) such that 
u = [Ey] and p{Eu) G [0, 1). We say that Eu is the canonical representative 
of n. As explained in [27, 38] there is a natural bijection 

PiCtop(M) Bu^a{u) ^ Spin'^^M) 
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with the property that dct a{u) =2u— [Ks] G Pictop{M) . The canonical spin'^ 
structure (Jean G Spin'^{M) corresponds to li = 0. In fact, Fictop{M) can be 
identified in a natural way to H via the Chern class. Then (t{u) , in terms of 
the -action described in 2.5, is given by u ■ a can- In this case, if one writes 
po := p{Eq) one has 

Po = {^} and := noLo, with no := ^ 

We denote the orbifold invariants of £"0 by — . Observe that 

oii I ai i 

The Seifert manifold M admits a natural metric, the so called Thurston metric 
which we denote by qq. The (cTcan, 50, 0)-monopoles were explicitly described 
in [27, 38]. 

The space OJIq of irreducible (cgajj, 50,0) monopoles on M consists of several 
components parametrized by a subset of 

Sq = {E = Eq + nLo G tt; < \v{E)\ < ^ deg^ Ks}, 



where 



i^{E) := deg^(£;o + nLo) - - deg^ Ks- 



More precisely, consider the sets 

S+:=|£;gSo; iy{E) < 0, deg|£;|>o}. 

So ={Ee So; v{E) > 0, deg |Ks - E\ > 0}. 

To every E e Sq there corresponds a component 971^ of QJIq of dimension 
2 deg \ E\, and to every E e Sq there corresponds a component 9Jl^ of SJIq of 
dimension 2 deg — E\. 

The Kreck-Stolz invariant KS{acan, 90,^) is given by (see [38]) 
KSMicTcam 50, 0) = ^ + 1 - 4£po(l - Po) 



+4i/po -4^s(wi,Q;i) -8^s(a;i,Q;i; 



7i + Po-^i 



,-Po) 



-Er=i((^)) if Po = 

^ ^(l-2po)-Er=i{^} if 
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where 

ViLOi = 1 (mod aj), i = 1, . . . ,v. 

Above, s{h,k;x,y) is the Dedekind-Rademacher sum defined in Appendix B, 
where we Ust some of its basic properties as well. 

The following result is a consequence of the analysis carried out in [37, 38]. 

3.4 Proposition (a) If po ^ and SCRq has only zero dimensional compo- 
nents then ((70)0) is a good parameter and 

SW^((Tcan) = SM{(Tcan, 90,0) + I-^q"] + \Sq\. 

(b) If go has positive scalar curvature then {go, 0) is a good parameter, Sq = 
Sq =$ and 

SWM(o-con) = ^KS{acan,go,0). 

Notice that part (b) can be applied for the links of quotient singularities. 

One of the main obstructions is, that in many cases, the above theorem cannot 
be applied (ic, the natural parameter provided by the natural Seifert metric is 

not "good", cf 3.1). 

Fortunately, the Seiberg-Witten invariant has an alternate combinatorial de- 
scription as well. To formulate it we need to review a few basic topological 
facts. 

3.5 The Reidemeister— Turaev torsion According to Turaev [48] a choice 
of a spirf structure on M is equivalent to a choice of an Euler structure. For 
every spin'^ structure a on M, we denote by 

the sign refined Reidemeister-Turaev torsion determined by the Euler structure 
associated to a. (For its detailed description, see [48].) Again, it is convenient 
to think of 7m,<j as a function if — > Q given by /i h-> 7M,<j{h). The Poincare 
duality implies that Tm.ct satisfies the symmetry condition 

TM,a(/i) = 7M,a(/i~') forah/ieiJ. (*) 
Recall that the augmentation map aug: Q[H] ^ Q is defined by 

It is known that aug(TM,cr) = 0. 
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3.6 The Casson— Walker invariant and the modified Reidemeister— 

Turaev torsion Denote by A(M) the Casson-Walker invariant of M normal- 
ized as in Lescop's book (cf [23, Section 4.7]), and denote hy H 3 h a(^) 
the modified Reidemeister-Turaev torsion 

Tl^,{h) ■.= 7MAh)-m)/\H\. 
We have the following result. 

3.7 Theorem [41] SW%^„{h) = for all a G Spin^M) and h G 
H. 



3.8 The Fourier transform Later we will need a dual description of these 
invariants in terms of Fourier transform. Denote by H the Pontryagin dual 
of H, namely H := }lom.{H,U{l)) . The Fourier transform of any function 
/ : H ^ C is the function 

h£H 

The function / can be recovered from its Fourier transform via the Fourier 
inversion formula 

Notice that oug(/) = /(I), in particular Tm,ct(1) = (iUQ{7M,a) = 0. By the 
above identity, 

swO,(a) = SWl^^^l) = -r^A(M) + 7^ E W(x) 

= -^A(M) + Tm,.(1). (1) 

The symmetry condition 3.5(*) transforms into 

T'mAx) = T'mMx)- (2) 

It is convenient to use the notation for a summation where x runs over all 
the non-trivial characters of H . 
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3.9 The identification Spin^iM) Q^iM) via the Seiberg-Witten 
invariant Sometimes it is important to have an efficient way to recover the 
spin'^ structure a (or, equivalently, the quadratic function c\'^{(j) , cf 2.6) from 
the Seiberg-Witten invariant SW^^^^, or from 7m,(j- In order to do this, we 
first recall that Turaev in [48, Theorem 4.3.1] proves the following identity for 
any a and g,h G H . 

T'm,ct(1) - 7M,c{h) - 7M,(j{g) + 7M,a{,gh) = -hnig, h) (mod Z). 

Clearly there is a similar identity for T\j ^ instead of 7m,it ■ By Fourier inver- 
sion, this reads 

^y^7MAx){x{h) - l){x{9) - 1) = -hM{g, h) (mod Z). (1) 

This identity has a "refinement" in the following sense (see [40, 3.3]): for any 
spinF structure a, the map H 3 h i-^ q'^{h) , defined by, 

qM := 7m A^) - 7m Ah) = - T^mA^) 

= SW%A^) - SW%Ah) (modZ), 

is a quadratic function associated with 6m- Moreover, the correspondence 
1s«) • Spi'nP{M) Q'^{M) given by cr i—> is a bijection. 

3.10 Proposition q^^ = q'^ , ie, the above bijection is exactly the canonical 
identification q'^ considered in 2.6. 

Proof Let us denote q^(<7) by g^-. Since both maps q'^ and q^^ are H- 
equivariant, it suffices to show that = q'^ for some spin structure e on M. 
Fix e G Spin{M) , and as in 2.4, pick a simple connected oriented 4-manifold 
N with dN = M together with a e G Spin{N) such that the restriction of e to 
M is e. In particular, q^ = —qD(L),0: cf 2.4. For every h e H set ah '■= h-a{e). 
Pick h e H'^{N,Z) = L' such that [h] = h. For /i = we choose ^ = 0. Set 
ah :=h ■ a{€.) G Spin'^{N). Then ci{detah) = 2h. Observe that 

SW'i.Jh) = ^KSiah) (mod Z). 

o 

But the Atiyah-Patodi-Singer index theorem implies (see eg [24, page 197]): 
^KS{ah) = ^(ci(deta/i),Ci(deta/i))Q - ^signature(A/') (mod Z), 

o o o 

for any h G H . Thus q'^{h) = —^{h, h)Q = q^{h) (mod Z) . □ 
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Via the Fourier transform, the above identity is equivalent to the following one, 
valid for any h G H: 

r^i; Tm,.(x)(x(M - 1) = (mod Z). (2) 

3.11 Remark The above discussion can be compared with the following 
identity. Let us keep the notations of 2.3. Let a(L) denote the signature of 
L, and k e L' a characteristic element. Then the (mod 8)-residue class of 
(t(L) — {k, /c)q G Q/8Z depends only on the quadratic function q = qD{L),k- 
fact one has the following formula of van der Blij [51] for the Gauss sum: 

|//|-l/2 ^ g2^ig(x) ^ (cT(L)-(fc,fc)Q)_ 

If G Im(iL) then a{L) - {k, A;)q = a{L) - {k, k) G Z/8Z. 

4 Analytic invariants and the main conjecture 

4.1 Definitions Let (X, 0) be a normal surface singularity. Consider the 
holomorphic line bundle f^x\{o} holomorphic 2-forms on X \ {0} . If this 
line bundle is holomorphically trivial then we say that (X, 0) is Gorenstein. 
If some power of this line bundle is holomorphically trivial then we say that 
{X, 0) is Q-Gorenstein. If ^x\{o} topologically trivial we say that {X, 0) is 
numerically Gorenstein. The first two conditions are analytic, the third depends 
only on the link M (cf 2.7). 

4.2 The geometric genus Fix a resolution tt: X ^ X over a sufficiently 

small Stein representative X of the germ (X, 0). Then pg := dim H^(X,Oj^) 
is finite and independent of the choice of tt . It is called the geometric genus of 
{X, 0) . If Pg {X, 0) = then the singularity {X, 0) is called rational. 

4.3 Smoothing invariants Let {X,0) be as above. By a smoothing of 
{X, 0) we mean a proper flat analytic germ / : {X, 0) — > (C, 0) with an isomor- 
phism (/-i(0),0) iX,0). Moreover, we assume that is an isolated singular 
point of the germ {X,0). 

If A' is a sufficiently small contractible Stein representative of (<Y,0), then for 
sufficiently small 77 (0 < j??! <C 1) the fiber F := f~^{r]) nX is smooth, and its 
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diffeomorphism type is independent of the choices. It is a connected oriented 
real 4-manifold with boundary dF which can be identified with the hnk M of 
(^,0). 

We will use the following notations: l-t{F) = rank (-^, (called the Milnor 
number); {,)f= the intersection form of F on H2{F,Z); (//o,M+)M-) the 
Sylvester invariant of ( , )f; cr{F) := — H- the signature of F . Notice that 
the Milnor fiber F ^ hence its invariants too, in general depend on the choice of 
the (irreducible component) of the smoothing. 

If M = dF is a rational homology sphere then ^uq = 0, hence ijl{F) = fi^ + ;U_ . 
It is known that for a smoothing of a Gorenstcin singularity rank Hi (F, Z) = 
[13]. Therefore, in this case n{F) + 1 is the topological Euler characteristic 
XtopiF) of F. 

The following relations connect the invariants pg, //(-F) and cr{F). The next 
statement is formulated for rational homology sphere links, for the general 
statements the reader can consult the original sources [9, 22, 47] (cf also with 
[25]). 

4.4 Theorem Assume that the hnk M is a rational homology sphere. Then 

the following identities hold. 

(1) [Wahl, Durfee, Steenbrink] 4pg = /x(F) + a{F) . 
In addition, if {X, 0) is Gorenstein, then 

(2) [Laufer, Steenbrink] n{F) = 12pg + + #V , where + #V is the 
topological invariant of M introduced in 2.12. 

In particular, for Gorenstein singularities, (1) and (2) give a{F) + 8pg + K"^ + 
#V = 0. 

This shows that modulo the link- invariant K'^ + ^V there are two (independent) 
relations connecting pg, ^{F) and cr{F), provided that (^,0) is Gorenstein. 
So, if by some other argument one can recover one of them from the topology 
of M, then all of them can be determined from M . 

In general, these invariants cannot be computed from M . Here one has to 
emphasize two facts. First, if M is not a rational homology sphere, then one 

can construct easily (even hypersurface) singularities with the same link but 
different {p,a,pg). On the other hand, even if we restrict ourselves to rational 
homology links, if we consider all the possible analytic structures of {X, 0) , 
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then again pg can vary. For example, in the case of "weakly" elliptic singulari- 
ties, there is a topological upper bound of pg (namely, the length of the elliptic 
sequence, found by Laufer and S S-T Yau) which equals Pg for Gorenstein sin- 
gularities; but Pg drops to 1 for a generic analytic structure (fact proved by 
Laufer) . For more details and examples, see the series of articles of S S-T Yau 
(eg [53]), or [28]. On the other hand, the first author in [28] conjectured that 
for Gorenstein singularities with rational homology sphere links the invariants 
(/i, a,pg) can be determined from the topology of {X, 0) (ie, from the link M); 
(cf also with the list of conjectures in [36]). The conjecture is true for rational 
singularities [3, 4], minimally elliptic singularities [21], "weakly" elliptic singu- 
larities [28], and some special hypersurface singularities [10, 35], and special 
complete intersections [35]; in all cases with explicit formulae for pg. But in 
general, even a conjectural topological candidate (computed from M) for pg 
was completely open. The next conjecture provides exactly this topological 
candidate (which is also a "good" topological upper bound, cf introduction). 



4.5 The Main Conjecture Assume that {X, 0) is a normal surface singu- 
larity whose link M is a rational homology sphere. Let (Jean be the canonical 
spirf structure on M . Then, conjecturally the following facts hold: 



(1) For any {X, 0), there is a topological upper bound for pg given by: 

SWM(o-can) g > Pg- 

(2) If (^,0) is Q-Gorcnstein, then in (1) one has equality. 



(3) In particular, if {X, 0) is a smoothing of a Gorenstein singularity {X, 0) 
with Milnor hber F , then 



MK^can) — — 3 — • 



If (X, 0) is numerically Gorenstein and M is a Z2 -homology sphere then 
Ccan = c"can is the uniquc spin structure of M; if M is an integral homology 
sphere then in the above formulae — sw^(econ) = ^{M)-> the Casson invariant 
of M. 



4.6 Remarks 

(1) Assume that [X, 0) is a hypersurface Brieskorn singularity whose link is an 
integral homology sphere. Then A(M) = a{F)/8 by a result of Fintushel and 
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Stern [10]. This fact was generalized for Brieskorn-Hamm complete intersec- 
tions and for suspension hypersurface singularities ( {X, 0) = {g{x, y) + z'^ = 0}) 
with Hi{M, Z) = by Neumann and Wahl [35]. In fact, for a normal complete 
intersection surface singularity with H = Hi (M, Z) = , Neumann and Wahl 
conjectured A(M) = a{F)/8. This conjecture was one of the starting points of 
our investigation. 

The result of Neumann- Wahl [35] was re-proved and reinterpreted by Collin and 
Savclicv (see [7] and [8]) using equivariant Casson invariant and cyclic covering 
techniques. 

(2) The family of Q-Gorenstein singularities is rather large: it contains eg 
the rational singularities [3, 4], the singularities with good C* -actions and with 
rational homology sphere links [32], the minimally elliptic singularities [21], 
and all the isolated complete intersection singularities. Neumann-Wahl have 
conjectured in [36] that all the singularities in 4.5 (2) are finite abelian quotients 
of complete intersection singularities. 

(3) If one wants to test the Conjecture for rational or elliptic singularities (or 
in any example where pg is known), one should compute the corresponding 
Seiberg-Witten invariant. But, in some cases, even if all the terms in the main 
conjecture can (in principle) be computed, the identification of these contri- 
butions in the main formula can create difficulties (eg involving complicated 
identities of Dedekind sums and lattice point counts). 

4.7 Remark Notice, that in the above Conjecture, we have automatically 
built in the following statements as well. 

(1) For any normal singularity {X, 0) the topological invariant 



is non-negative. Moreover, this topological invariant is zero if and only if {X, 0) 
is rational. This provides a new topological characterization of the rational 
singularities. 

(2) Assume that {X,0) (equivalently, the link) is numerically Gorenstein. 

Then the above topological invariant is 1 if and only if {X, 0) is minimally 
elliptic (in the sense of Laufcr). Again, this is a new topological characteriza- 
tion of minimally elliptic singularities. 



SW^ (cTcan) - 



+ #v 

8 
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4.8 Remark The invariant + #V appears not only in the type of re- 
sults listed in 4.4, but also in other topological contexts. For example, it can 
be identified with the Gompf invariant 9{^) defined in [14, 4.2] (see also [15, 
11.3.3]). This appears as an "index defect" (similarly to the signature defect of 
Hirzebruch) (cf also with [9] and [25]). 

More precisely, the almost complex structure on TM (cf 2.8) determines 

a contact structure ^^an on M (see eg [15, page 420]), with ci{(^(.an) torsion ele- 
ment. Then the Gompf invariant 0{^can) , computed via X , is — 2xtop{X) — 
3ct(X) = i^2^#V-2. 

In fact, in our situation, by 2.12, 0{^can) can be recovered from the oriented C°° 
type of M completely. In the Gorenstein case, in the presence of a smoothing, 

G{ican) computed from the Milnor fiber F , equals —2 — 2^{F) — 3a (F). The 
identity + #V + 2^(F) + 3a{F) = can be deduced from 4.4 as well. 

The goal of the remaining part of the present paper is to describe the needed 
topological invariants in terms of the plumbing graphs of the link, and finally, 
to provide a list of examples supporting the Main Conjecture. 

5 Invariants computed from the plumbing graph 

5.1 Notation The goal of this section is to list some formulae for the invari- 
ants K'^+#V , A(M) and 7M,a from the resolution graph of M (or, equivalently, 
from any negative definite plumbing). The formulae are made explicit for star- 
shaped graphs in terms of their Seifert invariants. For notations, see 2.13, 2.14 
and 2.15. 

Let be the inverse of the intersection matrix /. For any v,w G V, 
denotes the (w, it;) -entry of . Since / is negative definite, and the graph is 
connected, < for each entry v,w. Since I is described by a tree, these 
entries have the following interpretation as well. For any two vertex v,w G V, 
let Ptjto be the unique minimal path in the graph connecting v and w, and 
let I(^yu>) be the matrix obtained from I by deleting all the lines and columns 
corresponding to the vertices on the path pyyj (ie, I(vw) is the intersection matrix 
of the complement graph of the path). Then = — j det(7(„^))/ det(7)| . 

For simplicity we will write E^, Dy, ... instead of [Ey], [Dy] .... 

5.2 The invariant + #V from the plumbing graph Let Zk = 

TvEv Since Zk = {il ® Q)"HE(e*; + '^)Dv) (cf 2.13), one has clearly 
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Then a "naive formula" of K'^ = Z\ is 

^K = Y. ''^^^ ■^v = Yl ''viey + 2) = ^(e„ + 2)(e^ + 2)/-J. 

V V v,w 

However, we prefer a different form for and Z'^ which involves only a small 
part of the entries of . Indeed, let us consider the class 

D = Y.iL{E^)+^{2-6^)D^eL'. 

V V 

Then clearly D ■ = e„ + 5„ + 2 — 5„ = e„ + 2, hence D = {i^ ® '^Zk- 
Therefore, 

Zk = Y,Ev + 51(2 - 5y){iL (8) QT^{D^), 

V V 

hence 

r„ = l + 5^(2-5^)/-J. 

w 

Moreover, 

= ■ D = 

J2Zk-E^ + ^(2 - S^)Zk ■ = ^(e„ + 2) + ^(2 - S^)r^, 

V V V V 

hence by the second formula for we deduce 

+ #V = ^ e„ + 3#V + 2 + ^(2 - ^,)(2 - <5^)/-J. 

V v,w 

In particular, this number depends only of those entries of I^^ whose index 
set runs over the rupture points {5^ > 3) and the end- vertices ((5^ = 1) of the 
graph. 

For cyclic quotient singularities, the above formula for goes back to the 
work of Hirzebruch. In fact, the right hand side can also be expressed in terms 
of Dedekind sums, see eg [25, 5.7] and [18] (or 7.1 here). 

5.3 The Casson— Walker invariant from plumbing We recall a formula 

for the Casson- Walker invariant for plumbing 3-manifolds proved by A Ratiu in 
his dissertation [45]. In fact, the formula can also be recovered from the surgery 
formulae of Lescop [23] (since any plumbing graph can be transformed into a 
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precise surgery data, see eg Al). The first author thanks Christine Lescop for 
providing him ah the details and information about it. We have 

24 

-—- \{M) = Y.e, + 3#V + ^(2 - 5,) I'K 

If Af = L{p,q), then this can be transformed into X(L{p,q)) = p ■ s{q,p)/2. 
(Here we emphasize that by our notations, L{p, q) is obtained by — p/g-surgery 
on the unknot in , as in [15, page 158], and not by p/q-surgeiy as in [52, 
page 108].) 

5.4 The Casson— Walker invariant for Seifert manifolds Assume that 
M is a Scifcrt manifold as in 2.14 and 2.15. Using [23], Proposition 6.1.1, one 
has the following expression: 

24 1 ^1 

-— A(M) = -(2-u + J2^)+e + S + 12j2 

' ' ' t=l ^ i- i=l 

(Warning: our notations for the Scifcrt invariants differ slightly from those used 
in [23]; and also, our e and b have opposite signs.) 

5.5 K"^ + #V for Seifert manifolds Using 5.3 we deduce 

24 " 
-— A(M) = J2e, + 3#V + J2 I^k + (2 - ^)Imo- 

' ' V 1=1 

For Seifert manifolds, 5.2 can be rewritten as 
+ #V = 

V V 

2 + ^ + 3#V + J] 7-1^ + (2 - yfl-\^^ + 2 ^^(2 - v)^\,^ + J] . . 

V i=l i=l i^j 

Using the interpretation of the entries of given in 5.1, one gets easily that 

i^olo = ^; i^l = ^; ^4- = ii" ^ 1 ^ ^'-^^ ^ 

Therefore, these identities and 5.4 give: 

1 1 2 

+ #V = -(2 - u + +e + 5 + 12^ s{pi,ai). 

^ ^ i=i i=i 

It is instructive to compare this expression with 5.4 and also with the coefficient 
ro of Zk , namely with ro = 1 + (2 - z/ + X) ■ l/ai)/e. 
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5.6 The Reidemeister— Turaev torsion In the remaining part of this sec- 
tion we provide a formula for the torsion 7m of M using the plumbing rep- 
resentation of M . We decided not to distract the reader's attention from the 
main message of the paper and we deferred its proof to Appendix A. 



5.7 Theorem Let M be an oriented rational homology 3-manifold repre- 
sented by a negative definite plumbing graph T . (Eg, let M be the link of 
a normal surface singularity (X, 0), and F = r(7r) be one of its resolution 
graphs.) In the sequel, we keep the notations used above (cf 2.13 and 5.1). For 
any spin^ structure a € Spin'^{M) , consider the unique element h„ ^ H such 
that ho- • CTcan = • Then for any x G , X 7^ 1 » the following identity holds: 

7mAx) = X{ha) ■ n {x{9v) - l)'""'. 

vev 

The right hand side should be understood as follows. If xidv) 7^ 1 for all v 
(with 5y ^ 2), then the expression is well-defined. Otherwise, the right hand 
side is computed via a limit (regularization procedure). More precisely, fix a 
vertex v^, (zV so that xidv*) 7^ 1: '^nd let b* be the column vector with entries 
=1 on the place and zero otherwise. Then End w* € Z" with entries {w*}y 
in such a way that Iw* = —m* ■ b* for some integer m* > 0. Then 

7mAx) = X{K) ■ lim n (^"^ X{9v) - l)'""'- 

The above limit always exists. Moreover, once is fixed, the vector w* is 
unique modulo a positive multiplicative factor (which does nor alter the limit) . 
In fact, the above limit is independent even of the choice of (as long as 
x{9v,) 7^ 1)- This follows also from the general theory (cf also A. 3 and A.4), 
but it also has an elementary combinatorial proof given in Lemma A. 7. (This 
can be read independently from the other parts of the proof.) In fact, by Lemma 
A. 7, the set of vertices u*, providing a suitable w* in the limit expression, is 
even larger than the set identified in the theorem: one can take any which 
satisfy either x{9v*) 7^ 1 or it has an adjacent vertex u with x{9u) 7^ 1- 

5.8 The torsion of Seifert manifolds In this paragraph we use the nota- 
tions of 2.14 and 2.15. Recall that we introduced i' + 1 distinguished vertices 
Vi, < i < I' , whose degree is 7^ 2 (and g^^ is the central vertex). Fix x ^-iid 
first assume that xi9vi) 7^ 1 for all < i < z^. Then, the above theorem reads 
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as 

,i/-2 



•'M,<Tcan{X) 



nr=i (x(5.j-i)' 

If there is one index 1 < i < with xiOvi) = 1, then necessarily xi9vo) = 1 as 
weU. If xiOvo) = 1, then either ^M.acanix) = 0, or for exactly v — 2 indices i 
(1 < i < z^) one has xidvi) = 1- this later case the limit is non-zero. Let 
us analyze this case more closely. Assume that xiQv,) 7^ 1 for z = 1,2. Using 
the last statement of the previous subsection, it is not difficult to verify that 
w* computed from any vertex on these two arms provide the same limit. In 
fact, by the same argument (cf A. 7), one gets that even the central vertex vq 
provides a suitable set of weight w* (for any x)- The relevant weights can be 
computed via 5.5(1), and with the notation a := lcm(Q;i, . . . , ai,) one has: 

Notice the mysterious similarity of this expression with the Poincare series of 
the graded affine ring associated with the universal abelian cover of (X, 0) , 
provided that (-^, 0) admits a good C* -action, cf [32]. 



6 Brieskorn— Hamm rational homology spheres 

6.1 Notation Fix n > 3 positive integers Oj > 2 (i = 1, . . . , n). For any set 
of complex numbers C = {cj^i}, i = 1, . . . ,n; j = 1, . . . , n — 2, one can consider 
the affine variety 

Xc{ai, . . . , a„) := G C" : Cj,iz^' + ■■■ + Cj,nZ^" = for all 1 < j < n - 2} . 

It is well-known (see [16]) that for generic C, the intersection of Xc{ai, . . . , a„) 
with the unit sphere S'^'^^^ C C" is an oriented smooth 3-manifold whose 
diffeoniorphism type is independent of the choice of the coefficients C . It is 
denoted by M = S(ai, . . . , a„) . 

6.2 In fact (cf [19, 34]), M is an oriented Seifert 3-manifold with Seifert 
invariants 

[g; (ai,/3i),-- - ,(ai,/?i);--- ;(an,/?n),-- - ,(an,/?n)) 

SI Sn 

where g denotes the genus of the base of the Seifert fibration, and the pairs 
of coprime positive integers (ai,Pi) (each considered Sj times) are the orbit 
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invariants (cf 2.14 and 2.15 for notations). Recall that the rational degree of 
this Seifert fibration is 

e = - V Si • ^ < 0. (e) 

' * rt/.- 



i=i «^ 



Set 



n 

a := 1cm {af, 1 < i < n), Qi := — , 1 < i < n; A := Oj. 



i=l 



The Seifert invariants are as follows (see [19, Section 7] or [34]): 

(^i-=] — 7 ^i-=] — / ■ ^ ■\ = — ' (1 

1cm (Oj-; J I) 1cm (Oj; j i) aai 



g:=^(2 + {n-2)^-Y,Si). (g) 

i 

By these notations — e = A/{a'^). Notice that the integers {aj}j^i are pair- 
wise coprime. Therefore the integers Pj are determined from (e). In fact 
Ijf^j ~ hence PiQj = 1 (mod aj) for any j. Similarly as above, we set 
a := lcm(Q;i, . . . , a„) . 

It is clear that M is a Q-homology sphere if and only if ^ = 0. In order to be 
able to compute the Reidemeister-Turaev torsion, we need a good characteri- 
zation of = in terms of the integers {ai}i. For hypersurface singularities 
this is given in [5]. This characterization was partially extended for complete 
intersections in [16]. The next proposition provides a complete characterization 
(for the case when the link is 3-dimensional). 



6.3 Proposition Assume that Xc{ai,... ,a„) is a Brieskorn-Hamm iso- 
lated complete intersection singularity as in 6.1 such that its link M is a 3- 
dimensional rational homology sphere. Then (ai, . . . , a^) (after a possible per- 
mutation) has (exactly) one of the following forms: 

(i) (ai, . . . , a„) = (dbi, db2, b^, . . . , bn) , where theintegers {bj}^^i arepairwise 
coprime, and gcd((i, bj) = 1 for any j > 3; 

(ii) (ai,... ,a„) = (2^61,262,263,64... ,6„), where the integers {6j}"^^ are 
odd and pairwise coprime, and c > 1 . 
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Proof The proof will be carried out in several steps. 

Step 1 Fix any four distinct indices i,j, k,l. Then dijki ■= gcd(ai, aj,ak, ai) = 
1. Indeed, if a prime p divides dijki, then p^KA/a) and p^|si for all i. Hence 
by 6.2(g) one has p^|2. 

Step 2 Fix any three distinct indices i,j,k and set := gcd(aj, a^, ajt) . If 
a prime p divides dij^ then p = 2. Indeed, if p\dijk then p\{A/a) and p\sj for 
all j, hence p\2 by 6.2(g). 

Step 3 There is at most one triple i < j < k with dijk / 1 . This follows from 
steps 1 and 2. 

Step 4 Assume that dijk = 1 for all triples i,j,k. For any i 7^ A; set di^ := 
gcd(ai,afc). Then A/ a = Yli^^dik, and there are similar identities for each Sj. 
Then 6.2(g) reads as 

n 

2 + (n-2) JJd,fc-^ II dik = 0. (eql) 

i<k j=l i<k;i,kj^j 

Step 5 Assume that di23 7^ 1 , hence 

(ai,... ,a„) = (2%,2"62,2''63,64... ,6„), 

with c > n > f , and all bi odd numbers (after a permutation of the indices). 
Then u = v = 1. For this use similar argument as above with 4|(^/a), 4|sj for 
^ > 4, si and S2 (resp. S3) is divisible exactly by the f*^ (resp. u*^) power of 
2. 

Using this fact, write for each par i k, d^k := gcd(5i, bk) ■ We deduce as above 
that A/a = '^Yli^kdik, and there are similar identities for each Sj. Then 6.2(b) 
transforms into 

1 " 

- + (n-2) JJdife-^£j Yl dik = 0, (eq2) 

i<fe i=l i<k;i,k^j 

where £j = 1/2 for j < 3 and = 1 for j > 4:. 

Step 6 The equation (cq2) has only one solution with all dn^ strict positive 
integer, namely dik = 1 for all i,k. Similarly, any set of solutions of (eql) has 
at most one d^k strict greater than 1, all the others being equal to 1. 

This can be proved eg by induction. For example, in the case of (eq2), if one 
replaces the set of integers dik in the left hand side of the equation with the 
same set but in which one of them is increased by one unit, then the new 
expression is strictly greater than the old one. A similar argument works for 
(eql) as well. The details are left to the reader. □ 
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6.4 Verification of the conjecture in the case 6.3 (i) We start to list 
the properties of Brieskorn-Hamm complete intersections of the form (i) . 

• aj = bj for _7 = 1, . . . , n; 

• si = 1, S2 = 1, and Sj = d for j > 3; in particular, the number of "arms" 
is u = 2 + {n- 2)d; 

• a = B := Ylj=i bji —e-B = l, hence by 2.14 the generic orbit h is 
homologically trivial. 

• Using the group representation 2.15, and the fact that h is trivial, one has 
H = ab( gij, 1 < j < n, I < i < Sj \ g"^ = 1 for all Y{9ij = 1 )• 

Since the integers aj are pairwise coprime, taking the a/aj power of the last 
relation, and using that gcd{aj,LOj) = 1, one obtains that 

ii- = 0ab( gij, 1 < i < d I 5^ = 1 for aU i; l[gij = 1 ) ^ 

j>3 i j>3 

In particular, \H\ = Ylj>^ ■ 

• The Reidemeister— Turaev torsion of M By 5.8 



^M,ac„„(x) = lim 



t^i (W"! - i)(W"2 - 1) n,->3 ntir/"^x(5i,) - 1) 

As explained in 5.8, for a fixed the expression '^M,acanix) is nonzero if and 
only if for exactly two pairs (where j > 3 and 1 < i < b) xiSij) 7^ 1- 

Analyzing the group structure, one gets easily that these two pairs must have 
the same j. For a fixed j , there are d{d — l)/2 choices for the set of indices 
{11,12}- For fixed j, the set of nontrivial characters of the group 

ab( gij, 1 < z < d I = 1 for all i; JJffij = 1 ), 

i 

satisfying xiOij) = 1 for all i 7^ i 1,^2 is clearly Z^^. \ {1}, and in this case 
Xi9iij)x{9i2j) = 1 as weU. Therefore 

1 ^ a'^("-2) 

^M,a^an{^) — "|77| ■ 2^ 



X 



}{\ ^SL(^)d . . . (a_\d-2 . . . (^\d 

d{d-l) w 1 

^~'^(C-i)(C-i)' 
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Recall that \H\ = Yljy^b'^ ^. Hence, by (B.9) of Appendix B and an easy 
computation: 

■>M,acan{i-) - 24 ~ 1?'' 

j>3 3 

• The Casson— Walker invariant Prom 5.4 we get 

• The signature of the Milnor fiber Since Xq is an isolated complete 
intersection singularity, its singular point is Gorenstein. Hence, by 4.4, it is 
enough to verify only part (3) of the main conjecture, part (2) will follow au- 
tomatically. 

The signature (y{F) = a{ai^... ,an) of the Milnor fiber F of a Bricskorn- 
Hamm singularity is computed by Hirzebruch [17] in terms of cotangent sums. 
Nevertheless, we will use the version proved in [35, 1.12]. This, in the case (i), 
(via B.IO) reads as 

^^^^ = + §^ " " + -^jZ^3<<l3^ hi 

j=l 3 / j=l 

where qj = SjB/bj for all I < j <n. Since PjQj = 1 (mod bj) (cf 6.2), one has 
s{qj,bj) = s{l3j,bj) for all j . Now, by a simple computation one can verify the 
conjecture. 

6.5 Verification of the conjecture in the case 6.3(ii) The discussion is 
rather similar to the previous case, the only difference (which is not absolutely 
negligible) is that now h is not trivial. This creates some extra work in the 
torsion computation. In the sequel we write B := Ylj bj. 

• a = TB and A = 2^+^^. Moreover, ai = 2^-^61 and aj = bj for j >2. 

• Sj = 2 for j < 3 and Sj = 4 for j > 4. The number of "arms" is u = 4n — 6. 

• a = 2''-^B, hence -e'^ = 2''-^B. Therefore \{h)\ = 2 and \H\ = 
2'^By{bib2b3f. 

• The self intersection number b of the central exceptional divisor is even. 

Indeed, equation (e) implies that 1 = (3ib2---bn (mod ai). Since loi = 
—(5i (mod ai), one has 2'^~^|1 +u)ib2---bn- This, and the first formula of 
2.15 implies that b is even. 
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• Using 2.15, and the fact that h = 1 is automatically satisfied, we obtain 
the following presentation for H: 

ah(^gij, l<j<n, l<i<Sj;h gf^? = h for all Yidij =1' = ^] 

Clearly (h) Z2 , and there is an exact sequence 0^{h)^H^Q^O with 

Q = 0ab( gij, l<i<Sj\ = 1 for all i; = 1 ) = 

j>i i j>i 

• The Reidemeister— Turaev torsion of M We have to distinguish two 
types of characters x G -ff \ {1} since x(/i) is either +1 or —1. The sum over 
characters % with x{h) = 1 (ie, over Q \ {!}) can be computed similarly as in 
case (i), namely it is 

1 a''~'^ Sj{sj — 1) 

TffI ^ (^)Sl . . . (-0^)Sj-l(^)Sj-2(_^\Sj + i_ . . . (^)Sn '1^ 2(C - l)(C - I) 



ic-1 



24 ^ 2 ^ a 

The sum over characters x with x(^) = ~1 requires no "limit regularization" , 
hence it is (— 2)''~^/(]^j Pj) , where for any fixed j the expression Pj has the 
form n*(Ci ~ 1)) where the product runs over 1 < i < Sj, C = -1 with 
restriction Hj Ci = 1 • 

Using the identity — 2 = (^^ — 1 one gets 

By an elementary argument, this is exactly (Q;j/2)*J . Therefore, this second 
contribution is 2'^'~^B/%, hence 

<T ... 2'^-'B 2--^g ^ - 1) 1 

j>l 3 

• The Casson— Walker invariant Prom 5.4 and 1/ = 4n — 6 one gets 

j=i J j=i 
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• The signature of the Milnor fiber Using the above identities about the 
Seifert invariants (and aj = ^otj/sj too), [35, 1.12] reads as 

aiF) = 

j=i 3 J j=i 

Now, the verification of the statement of the conjecture is elementary. 



7 Some rational singularities 

7.1 Cychc quotient singularities The hnk of a cychc quotient singularity 
{Xp^q,0) (0 < q < p, {p,q) = 1) is the lens space L{p,q). Xp^g is numerically 
Gorenstein if and only if q = p — 1, case which will be considered in 7.2. In all 
other cases acan is not spin. In all the cases pg = 0. Moreover (see eg [25, 5.9], 
or [18], or 5.2): 

i^^ + #V = ^^^-12.%,p). 
P 

On the other hand, the Seiberg-Witten invariants of L{p, q) are computed in 
[39] (where a careful reading will identify sw^(crcan) as well). In fact, cf ([39, 
3.16]): 

fact which follows also from 5.7. Therefore, using [44, 18a] (or B.8), one gets 
that 

^M,acan(l) = - s{q,p). 

The Casson-Walker contribution is X{L{p,q))/p = s{q,p)/2 (cf 5.3). Hence 
one has equality in part (1) of the Conjecture. 



7.2 Particular case: the singularities Assume that (X, 0) = ({x^ + 

+ zP = 0},0). Then by 7.1 (or [39, Section 2.2.A]) one has sw^(ecan) = 
[p — l)/8 (in [39] this spin structure is denoted by CTspin)- On the other hand, 
{, )f is negative definite of rank p — 1, hence cr{F) = —{p— 1). (Obviously, 
the Ap_i-case can also be deduced from section 6.) 
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7.3 The singularities For each n > 4, one denotes by the singu- 
larity at the origin of the weighted homogeneous complex hypersurface x^y + 
y-n-i _j_ ^2 _ Q convenient to write p := n — 2. We invite the reader to 

recall the notations of 3.3 about orbifold invariants. 

The normalized Seifert invariants are 

(6, (a;i, ai), {lo2, as), (0^3, "3)) = (-2, {p,p - 1), (2, 1), (2, 1)). 

Its rational degree is £ = —1/p. Observe that k = £. 

The link M is the unit circle bundle of the F-line bundle Lq with rational 

degree I and singularity data ((p— 1/2, 1/2) . Therefore, Lq = -f^s- Hence, 
piccan) = {k/2£} = 0. The canonical representative of aam is then the trivial 
line bundle Eq . It has rational degree and singularity data 7 = (0, 0, 0) . The 
Kreck-Stolz invariant is then 

33 ^1 
^S^5m (cTcan , 50 , 0) = 7 - 4 ^ s (a;^ , fti )- 8 ^ s , ; ^ ,- 1/2) - 4 ^ I — } . 

1=1 i=l * i=l * 

Using the fact that s(l,2; 1/4, —1/2) = 0, this expression equals: 

6 + ? + A + 8.(l,p,i;.l/2). 
Now using the reciprocity formula for the generalized Dedekind sum, one has 

2p p 3p 3 

Thus 

p 4 4 2p 

8SW M{acan) = K Suic^can, Qg) = ^+ 3~3^+3^~^ + Y = ^+^- 

On the other hand, the signature of the Milnor fiber is — n = — + 2), con- 
firming again the Main Conjecture. 



7.4 The and E^ singularities Both Eq (ie, x'^ + y'^ + = 0) and 
£"8 (ie, + + = are Brieskorn (hypersurface) singularities, hence the 
result of section 6 can be applied. The link of is an integral homology 
sphere, hence the validity of the conjecture in this case was proved in [10]. The 
interested reader can verify the conjecture using the machinery of 3.3 and 3.4 
as well. 
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7.5 The E7 singularity It is given by the complex hypersurface + 
xy'^ + = 0. The group H is Z2. The normalized Seifert invariants are 
(—2, (2, 1), (3, 2), (4, 3)), the rational degree is —1/12. We deduce as above 
thatLo = -f^E; with po = pi'^can) = 1/2. The canonical representative is again 
the trivial line bundle Eq . Its singularity data are trivial. The Seiberg-Witten 
invariant of (J^an is determined by the Kreck-Stolz invariant alone. A direct 
computation shows that KSM{crcan, 9o) = 7. But the signature of the Milnor 
fiber is a{Ef ) = —7 as well, hence the statement of the conjecture is true. 



7.6 Another family of rational singularities Consider a singularity 

(X, 0) whose link M is described by the negative definite plumbing given in 
Figure 1. (It is clear that in this case M it is not numerically Gorenstein.) 



X • 



m 



(m - l)x L -2 



m — 1 



-3 



-2 



m — 1 



-2 



(m — l)x mx (m — l)x 
Figure 1: Tiie resolution graph of tiie rational singularity {X, 0) 



The number of —2 spheres on any branch is m — l, where m > 2. It is easy to 

verify that the {X,0) is a rational (with Artin cycle E^) (see, eg [29]). M 
is Seifert manifold with normalized Seifert invariants (—3, {m, m — 1), (m, m — 
1), (m, m — 1)) and rational degree I = — 3/m. 

To compute the Seiberg-Witten invariant of M associated with acan we use 
again 3.4. 

The canonical F-line bundle of S has singularity data (m — l)/m (three times) 

and rational degree k = 1 + i. The link M is the unit circle bundle of the Va- 
line bundle Lq with rational degree £ and singularity data (m — l)/m (three 
times). Therefore 

r m — 3 ~| 
P' = { 6-/- 
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To apply 3.4 we need po 0, ie, 

m ^ 3 (mod 6). 

The canonical representative of acan is the F-line bundle Eq with 

3 — m 



Eq = noLo, no 



6 



The reader is invited to recall the definition of Sq . We start with the compu- 



tation of Sq . Notice that 



deg^ < v{E) <0^0<n£<^ deg^ K^. 



Hence 



— deg^ < n < 0, ic, 



m — 3 



6 



< n < 0. 



(1) 



The singularity data of nLo are all equal to {—n/m} (three times). We deduce 



deg InLol = deg^(nLo) - sl — | = 3 

L m J 



-n 



m 



Now observe that (1) implies 



— n m — 3 

< < , hence 

m 6m 



-n 



m 







for every n subject to the condition (1). Since m ^ 3 (mod 6), we deduce 

m — 3 



6 



+ 1 



-no. 



(2) 



Moreover, all the connected components corresponding to the elements in Sq 
are points. Similarly, the condition < viE) < \ deg^ K^, implies 



^ deg^ Kj:<ni< deg^ ^ ] ^eg^ i^E < n < ^ deg^ Kj^. 



Hence 



m — 3 m — 3 

< n < 



3 6 ■ 

The singularity data of the F-line bundle Ks—nho are all equal to { (n— 1)/ m} . 
We deduce 



deg |Ks - nLol = 1 + 3 



n — 1 



m 



3{(n-l)/m} = l + 3 



n — 1 



m 



But this number is negative (because of (3)), hence Sq =0. These considera- 
tions show that Proposition 3.4 is applicable. Set 
m — 3 



6 



-k + po, < po < Ij k non-negative integer. 
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Then no = —k. The canonical representative is Eq = —kho. It has degree 
—ki. Its singularity data are all equal to ji/ai = k/m. Then in the formula of 
KSm one has = m — 1, = — 1, 'fi = k for all i. Hence 

Po-k\ 



KSM{(Tcan) =1+1- Upo{l - po) + 12po + 2(3 +£){!- 2po) - 12{ ■ 

j f ?Ti Ij 

— 12s(m — 1, m) — 2As(m — 1, m; , —po)- 

m 



m 



Observe now that 

—s(m — 1,171) = s(l,m) = 1 , 

k + po{m-l) k + poim-l) 

-s{m- l,m; ,-Po)) = -s{-l,m, Po,-Po) 

m m 

= s{l,m, ,-Pq)- 

m 

Moreover, from the definition of Dedekind sum we obtain 

n Po-k r.\ (^ \ , Hk-'^-) k-1 

s{l,m, ,-po =s{l,m, ,0) = s l,m)H — . 

m m 2m 2 

Finally, by an elementary but tedious computation we get 

TTl 

KSM{<Tcan) = Sm - j - 2 - 8k. 
The Seiberg-Witten invariant of the canonical spin'^ structure is then 

8sW^(crcan) = KSMic^can) + 8\S^ \ = KSMic^can) +8k = Zm- — - 2. 

The coefficients of Zk are labelled on the graph, where the unknown x is deter- 
mined from the adjunction formula applied to the central — 3-sphere; namely 
— 3mx + 3(m — l)a; = —1, hence x = 1/3. Then Z\ = 5^r„(e„ + 2) = —tq = 
— m/3. The number of vertices of this graph is 3m — 2 so 

8pg + K2 + #V = 3m-2-^. (4) 

This confirms once again the Main Conjecture. 



7.7 The case m = 3 In the previous example we verified the conjecture 
for all m ^ 3 (mod 6). For the other values the method given by 3.4 is not 
working. But this fact does not contradict the conjecture. In order to show 
this, we indicate briefly how one can verify the conjecture in the case m = 3 
by the torsion computation. 
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In this case \H\ = 27 and h has order 3. First consider the set of characters 
X with x{9vo) ~ ^ (there are 9 altogether). They satisfy njX(5'iii) = 1- If 
xi9vi) 1 fo'^ ^'ll i (2 cases), or if x = 1 (1 case) then T(x) = 0. If x{9vi) = 1 
for exactly one index i , then the contribution in 7{x) is 2 for each choice 
of the index, hence altogether 6. 

Then, we consider those characters % for which x{9vo) 1 (18 cases). Then 
one has to compute the sum 

^(i-Ci)(i-C2)(i-crV)' 

where the sum runs over ^i, ("2 G ^9) Ci = Cl 7^ 1- ^ computation shows that 
this is 9. Therefore, Tm(1)/|-H'| = (6 + 9)/27 = 5/9. 

The Casson-Walkcr invariant can be computed easily from the Seifert invari- 
ants, the result is \{M)/\H\ = —7/36. Therefore, the Seiberg-Witten invariant 
is 5/9+7/36=3/4. But this number equals {K^ + #V)/8 (cf 7.6(4) for m = 3 
and pg = 0). 

8 Some minimally elliptic singularities 

8.1 "Polygonal" singularities Let (^,0) be a normal surface singularity 
with resolution graph given by Figure 2. 




Figure 2: The resolution graph of a "polygonal" singularity 

Here we assume that u > 2. The negative definiteness of the intersection form 
implies that the integers (ai, • • • ,ai,) G satisfy 

" 1 

£:=2-i/ + ^— <0. 
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An elementary computation shows that Zk = ^Eq + Yl^=i ^i- If > 3 then 
this cycle is exactly the minimal cycle Z„jj„ of Artin. If v = 3 then the graph is 
not minimal, but after blowing down the central irreducible exceptional divisor 
one gets the identity Zx = Zr^nin ■ In particular, {X, 0) is minimally elliptic 
(by Laufer's criterion, see [21]). Hence pg = 1. Moreover, by a calculation 
K'^ = 8- Y,i=i ai , and thus 

8pg + {K'^ + ly + I) = 17 + u ai. 

i=l 

Now we will compute the Seiberg-Witten invariant via 3.4. The Seifert manifold 
M is the unit circle bundle of the y-line bundle Lq with rational degree I, 
and singularity data l/a^, 1 <i <v. 

The canonical y-line bundle Ky. has singularity data (oj — l)/aj, I < i < v, 
and rational degree k := —£ > . Note that Kq = — Lg G Pic]^p(S). We have 
po = 1/2, no = [— 1/2J = —1. The canonical representative of acan is the 
F-line bundle Eq = — Lq = Ky, ■ 

Resolving the inequalities for Sj^ , one gets 

S+ = {nLo G Z; i/2 < (n + 1/2)^ < 0} = {0 • Lq}, 

= {nLo e Z; < (n + l/2)i < -1/2} = {-1 ■ Lo}. 

Hence, we have only two components , ^x^, both of dimension 0. Thus 
DJlg consists of only two monopoles. Thus {go,0) is a good parameter. The 
Kreck-Stolz invariant of acan is 

KSMiacan) = l-2u-8j2 ^ -1/2) - 4^ s(l, + 2 -. 

i=i i=i i=i 

The last identity can be further simplified using the identities from the Ap- 
pendix B, namely 

Ui - 1/2 ai 1 1 

sil,a,, , -1/2) = .(l,a,) = + ^ - 4- 

Therefore 

8sw0,(aea„) = 17-21.-12 (^(^ + _ _ _)) + 2 ^ - = 17 + - ^ a,. 

i=l ' i=l ' i=l 

We have thus verified the conjecture in this case too. 
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8.2 A singularity whose graph is not star-shaped All the examples 

we have analyzed so far had star shaped resolution graphs. In this section we 
consider a different situations which will indicate that the validity of the Main 
Conjecture extends beyond singularities whose link is a Seifert manifold. (In this 
subsection we will use some standard result about hypersurface singularities. 
For these result and the terminology, the interested reader can consult [2].) 

Consider the isolated plane curve singularity given by the local equation 
g{x,y) := (x^ + + y^) = 0. Wc define the surface singularity (X, 0) 

as the 3-fold cyclic cover of / , namely {X, 0) is a hypersurface singularity in 
(C^, 0) given by f{x, y, z) := g{x, y) + = 0. 

The singularity (smoothing) invariants of / can be computed in many different 
ways. First notice that it is not difficult to draw the embedded resolution graph 
of g, which gives all the numerical smoothing invariants of g. For example, by 
A'Campo's formula [1] one gets that the Milnor number of g is 11. Then by 
Thom-Sebastiani theorem (see, eg [2], page 60) //(/) = 11 • 2 = 22. The signa- 
ture a{F) of the Milnor fiber of F can be computed by the method described 
in [30] or [31]; and it is —18. Now, by the relations 4.4 one gets pg{X,0) = 1 
and K^ + #V = 10. 

In fact, by the algorithm given in [30], one can compute easily the resolution 
graph of {X,0) as well (see Figure 3). 

-2 -2 -2 -2 -3 -2 -2 -2 -2 
• f • • • — • • • • 

^0 ^0 jAl ^2 ^0 jAl ^2 ^0 j^O 

-2oC' -2(.Ci 
-2ic^ -2 

Figure 3: The resolution grapli of {x^ + y'^){x^ + 2/^) = 

Then it is not difficult to verify that the graph satisfies Laufer's criterion for a 
minimally elliptic singularity, in particular this also gives that pg = 1. 

Using either way, finally one obtains Pg + {K'^ + #V)/8 = 9/4. Using the 

correspondence between the characteristic polynomial A(t) of the monodromy 
action (which can be again easily computed from the Thom-Scbastiani theorem) 
and the torsion of H (namely that |A(1)| = \H\), one obtains if = Z3. 
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Using the formula for the Casson-Walker invariant from the plumbing graph 
one gets X{M)/\H\= -49/36. 

Finally we have to compute the torsion. There are only two non-trivial char- 
acters. One of them appears one the resolution graph (ic, xidv) = C""" with 
Q'^ = 1). The other is its conjugate. Using the general formula for plumbing 
graphs, one gets TM,aca„(l) = 8/9. 

Since 8/9 + 49/36 = 9/4, the conjecture is true. 
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Appendices 

A The Reidemeister— Turaev torsion for plumbings 

In this section we prove Theorem 5.7, which describes the torsion Tm of M in terms 
of plumbing data. The proof has two parts. 

In the first part we use Turaev's surgery results [49] formulated in Fourier theoretic 
terms which will allow us to replace formal objects (elements in group algebras) by 
analytic ones (meromorphic functions of several variables). We obtain a first rough 
description of Tm in terms of surgery data which has a spin'' structure ambiguity. 

In the; second part, we eliminate the ambiguity about the spin''' structure using Turaev's 
structure theorem [48, Theorem 4.2.1], and the identities 3.9 (1) and (2) from our 
section 3, which completely determine the spin'^ structure from the Fourier transform 
of a sign-refined torsion. 

A.l The surgery data We consider an integral surgery data: M is a rational 
homology 3-sphere described by the Dehn surgery on the oriented link £ = Li U 
• • • U L„ C with integral surgery coefficients. We will assume that n > 1 . We 
denote by E the complement of this link. The manifold M is obtained from E by 
attaching n solid tori Zi,--- We denote by /x^ G Hi{E,Z) the meridian of Lj. 

Similarly as in the case of plumbing, we can construct lattices G := H2{M,E,Z) and 
G' := Homz(G, Z) and a presentation P : G ^ G' for H := Hi (M, Z) . 

Indeed, the exact sequence H2(M,E.1) Hi{E,Z) Hi{M,Z) produces 
a short exact sequence O^G^G'^H^O. Moreover, we can identify G = Z" via 
the canonical basis consisting of classes [D x *] , one for each solid torus Zi = D x ; 
and G' = Z" via the canonical basis determined by the oriented meridians 
Sometimes we regard P as a matrix written in these bases. 

Recall that a plumbing graph provides a canonical surgery presentation in such a 
way that the 3-manifolds obtained by plumbing, respectively by the surgery, are the 
same. This presentation is the following: the components of the link C G are in 
one-to-one correspondence with the vertices of the graph (in particular, the index set 
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1,1 — {1, ... ,n} is identified with V); all these components are trivial knots in ; their 
framings are the decorations of the corresponding vertices; two knots corresponding to 
two vertices connected by an edge form a Hopf link, otherwise the link is "the simplest 
possible" . In this way we obtain an integral surgery data in such a way that the matrix 
P becomes exactly the intersection matrix /. 

If tt: G' H is the natural projection, then the cores Ki of the attached solid tori 
Zi determine the homology classes TT{Ki) in H, and TT{Ki) = 7r(— /x^). 

For every fixed i G In we denote by Ei the manifold obtained by performing the 
surgery only along the knots Kj, j £ /„ \ {«}. Equivalcntly, Ei is the exterior of Ki 
in M. We set d := H2{M,Ei,Z) and := i?i(£i,Z). G'^ is generated by the set 
subject to the relations provided by the j-th columns of P for each j ^ i. 
There is a natural projection G' G'i denoted by tt^ . Sometimes, for simplicity, we 
write Kj (j i) for its projections as well. We write also G := Hom(G',C*) and 
Gi := Hom(G'-, C*) . It is natural and convenient to introduce the following definition. 

A. 2 Definition A surgery presentation of a rational homology sphere is called non- 
degenerate if the homology class 7ri{Kj) has infinite order in G'^ for any j ^i. 

The non-degenerate surgeries can be recognized as follows: the surgery is non-degen- 
erate if and only if every off diagonal element of P^^ is nontrivial. 

Indeed, the fact that for some j ^ i the class TTiiiJ.j) has finite order in is equivalent 
with the existence of n e Z* and v G G with i-th component Vi = such that 
n/ij = P ■ V. But this says Vi = nP~f^ . Notice that in our case, when the matrix 
P is exactly the negative definite intersection matrix / associated with a connected 
(resolution) graph, by a well-known result, the surgery presentation is non-degenerate. 

We can now begin the presentation of the surgery formula for the Reidemeister-Turaev 
torsion. 

A. 3 Proposition Suppose that the rational homology 3-sphere M is described by 
a non-degenerate Dehn surgery. Fix a relative spin'' structure a on E. For any j , 

it induces a relative spin'' structures Oj on Ej and a spin" structure a on M . Let 
'^Ej.a be the (sign-rehned) Reidcmcistcr Turaev torsion of Ej determined by Gj. Fix 
X ^ H \ {1} and i G In such that xi^i) ^ 1. Then the following hold. 

(a) The Fourier transform '7Ei,cr of the torsion of Ei extends to a holomorphic function 
on Gi\{l} uniquely determined by the equality 

7eUx) ■ Uix-HK,) - 1) = 7eAx), for all x & G,. 

Here 7e,5- is the holomorphic extension of Fourier transform of the Alexander-Conway 
polynomial 7E,a of the link complement E, associated with the spin" structure a 
(normalized as in [49, Section 8]). 
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(b) 

X\Ki) - 1 



Proof G is complex n-dimensional torus, and the Fourier transform of the torsion 

of E extends to a holomorphic function x ^ ^e{x) The elements Kj also 

define holomorphic functions on G by x x(-^i)~^ ~ 1- Moreover, Gj is an union of 
1-dimensional complex tori and the Fourier transform of T^i extends a holomorphic 
function x ^ "^Eiix) ^i- Since the elements Kj (j ^ i) have infinite orders in G^, 
we deduce from [50, Lemma 17.1], [42, Section 2.5], that is the unique holomorphic 
extension of the meromorphic function 



n,^.(x-H^,)-i) 

Part (b) follows from the surgery formula [49, Lemma 5.1]. 



A. 4 The "limit" expression Let us now explain how we will use the above the- 
oretical results. For each x ^ H \ {1} pick an arbitrary i with xi^i) 1- Then x 
belongs to Gi too. The group Gj is an union of complex tori, we denote by T^_j 
the irreducible component containing %. In fact, there exists £ G such that 
"^Xii = X'jt € C*} , where 

t X{v) ■= f'^'^'hiv) for all i e C* and v€ G'. 

A possible set of "weights" can be determined easily. Gj is a free Abelian group of 

rank 1 which injects into G. We can choose to be an arbitrary non-trivial element 
of Gj . Obviously, depends on the index i . In general, there is no universal choice 
of the index i which is suitable for any character x- 

Using the matrix notation, can be regarded as a vector so that litP' is an (integer) 
multiple of 6*, where 6' is the vector whose i-th entry is 1, all the other entries are 
zero. Then the above proposition reads as follows: 

^ / N 1 '^E,a{t*w' X) 

JM,a{X) = -I J. s 7 • 



Xm - 1 t^i X\.^. {t x{Kj)-' - 1) ■ 
In particular, by switching the index set 7„ to V, if xil^v) 1 for ^) one has: 

7eAx) 



^mAx) = 



n.(x(M.)-i) 
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A. 5 The first part of the proof According to Turaev [49], for any a G 
Spin'^{E,dE) the Alexander-Conway polynomial Te.s has the form 

V 

where g &G' depends on a by a normalization rule established by Turaev [49, Section 
8] (described in terms of "charges"). The generator set {gv}vev of H (defined via 
the plumbing) and {[At^]}„ev (defined via the surgery) can be identified as follows. 
(Here we will identify their Poincare duals.) Consider a resolution X — » X of {X, 0) 
as above. The lattice inclusion I: L ^ L' (ie, H'^{X,dX,'L) H'^{X,Z)) can be 
identified with the lattice inclusion P = G ^ G' (ie, H'^{E,Z) H^{E,dE,Z)). 
Indeed, let be the 4-dimensional ball with boundary with C £ . Then X 
can be obtained from by attaching n = #V copies of 2 handles x . Let the 
union of these handles be denoted by H . Clearly, S''^\int(£') is a union T of solid tori. 
Then the isomorphism L' —>■ G' is given by the following sequence of isomorphism: 

H\E,dE) ^ H\S\T) H\D\T) ^ H^{X,H) ^ H^X). 

Above, (1) is an excision, (2) is given by the triple {D^,S^^T), (3) is excision, and 
(4) is a restriction isomorphism. Moreover, under this isomorphism, the basis {/i^}^ 
correspond exactly to the basis {_D„}„. This also shows that = [/i^,] for all v. Now, 
fix a character x G if, % 7^ 1. Set and w* e Z" as in Theorem 5.7, ie, with 
Iw* = -m*b* . Then, using the notations of A. 4, clearly w* & 17^ = G , € G' , and 
l^-viw*) is exactly the w-component w* of w* . Hence t xiPv) = i™"X(S't>)- Then 
by the above notations and A. 4 we conclude that for any a G Spirf{M) 

7m Ax) = X{h) ■ lim n (t< xigv) - 1)'""', 

for some h = h{a) € H which depends (bijectively) on a. (Clearly, the limit is not 

effected by the choice of m* .) Now, notice that if we use the identity 'J'm,o-(x) = 
'^M,a{x) (cf 3.8(3)), Theorem 5.7 is equivalent with the following identity 

7m Ax) = X{ha) ■ lim JJ x{gv) - l)'""'- (i) 

The above discussion shows clearly that this is true, modulo the ambiguity about ha- ■ 
This ambiguity (ie, the fact that in the above expression exactly should be inserted) 
is verified via 3.9(2) (since there is exactly one h which satisfies 3.9(2) with a fixed 
spin" structure a). 

A. 6 Additional discussion about the "weights" Before we start the second 

part, we clarify an important fact about the behavior of the weights considered above. 
Recall that above, for a fixed x 1, we chose Vt, with x{gv,) 1- This can be 
rather unpleasant in any Fourier formula, since for different characters we have to take 
different vertices . Therefore, we also wish to analyze the case of an arbitrary vq 
(disregarding the fact that x{gvo) is 1 or not) instead of ii*. 
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A. 7 Lemma Fix a character x € -^^ \ {1} • 

(a) For an arbitrary vertex vq, consider a vector -uP , with components {w^}y, satis- 
fying lap = —mPb° for some positive rnP . Then the limit 

lim n (r°x(5.)-l)*''"' 

exists and it is finite. 

(b) Let ■= {v : either xidv) ^ I or v has an adjacent vertex u with x{9u) 7^ !}• 
Then the above limit is the same for any vo € • 

Proof First we fix some notations. We say that 

• a subgraph F' of the plumbing graph F satisfies the property (P) if ^^,{6y—2) > 0, 
where the sum runs over the vertices of F' (and Sy is the degree of v in F). 

• F' is a "full" subgraph of F if any two vertices of F' adjacent in F are adjacent in 
F' as well. For any subgraph F', we denote by V(F') its set of vertices. 

• a full proper subgraph F' of F has property (C) if it has a unique vertex (say Vgnd) 
which is connected by an edge of F with a vertex in V(F) \ V(F'). For any x & H , 
let F^ be the full subgraph of F with set of vertices {v € V | x{9v) = !}• Next, fix a 
character % e .ff \ {1} and a vertex v of T. Then 

evQv + '^gu = in iJ, hence xigvT" -Ylxidu) = 1, (1) 

where the sum (resp. product) runs over the adjacent vertices m of u in F. Therefore, 
if t; is in F^ then 

#{u : u adjacent to v and u ^ V(F^)} ^ 1. (2) 

The proof of (a) We have to show that F^ satisfies (P). Let F^''= be one of its 
connected components, and denote by Sl'"^ the degree of v in F^''^. Since F^''^ is a 
tree, one has J^r^.^i^v^'^ — 2) = — 2. Since F^'^ is a proper subgraph of the connected 
graph F, there exists at least one edge of F which is not an edge of F^"'^, but it has 
one of its end-vertices in F^'^. In fact, (2) shows that there are at least two such edges. 
Therefore, F^'^ satisfies (P). 

The proof of (b) First we claim the following fact. 

(F) Let F' be a full proper subgraph of F which satisfies (C). Then for any 

vo e (V(F)\V(F'))UK„4 

the solution {u>°}„ of /w" = —wPb^ has the following special property: the subset 
{Vy}y^V(r') , modulo a multiplicative constant, is independent of the choice of vq. 
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Indeed, the subset {vy}vev(r') ^ modulo a multiplicative constant, is completely deter- 
mined by the set of relations of type (1) considered for vertices v e V(r') \ {vend} ■ 
Since the intersection form associated with V is non-degenerate, this system has a 
maximal rank. Now, we make a partition of V(r^'^) (cf part (a) for the notation). 
Each set S of the partition defines a full subgraph T^'^'^ of T^'^ with S = V(ri'^'^ ). 
The partition is defined in such a way that each r^''^'-' is a maximal subgraph satisfying 
both properties (P) and (C). One way to construct such a partition is the following. 

Let us start with F^^^. By (a), it satisfies (P). If it does not satisfies (C), then take 
two of its vertices, both having adjacent vertices outside of F^'^. Eliminate next all 
the edges of F^^^ situated on the path connecting these two vertices, and then, if 
necessary, repeat the above procedure for the connected components of the remaining 
graph. After a finite number of steps all the connected components will satisfy both 
properties (P) and (C). 

Now, fact (F) can be applied for all these subgraphs F^''^'-' . In the limit we regroup 
the product corresponding to the subsets V(r^''^'-') , and the result follows. □ 



A. 8 The second part of the proof: preliminaries Our next goal is to show that 
the right hand side of (t) satisfies the formulae 3.9(1) and (2) for the spin'^ structure 
a. This clearly ends our proof. 

For this, let us fix a vertex G V and we plan to verify 3.9 (1) and (2) for h = gy^ . 
In the sequel we prefer to fix mP in the equation of Vq , namely we let m > be the 
smallest positive integer so that 

IvP = -mb° has a solution uP = {w%^v € Z*^. (3) 

Clearly gcd{{iUy}v) = 1 (and each > 0, fact not really important here). For a 
non-trivial character x ^ H with x(.9i'o) 7^ 1; the vertex va is a good candidate for 
(or, at least, the weights w* in (t) can be replaced by the weights vfi since they 
provide the same limit, cf A. 7). But for characters x with x{9vo) = 1 the limit in 
A. 7 (consider for ?;o) can be different from the limit needed in (i) (where one has ?;*). 
Nevertheless, the products of these (probably different) limits with x{9vo) — 1 are the 
same (namely zero) (and in 3.9(1) and (2) we need only these type of products !). More 
precisely, for any x G -^^ \ {1} • 

(x(5.o) - 1) • l™ n ^^9v) - l)'^~^= (X(5.c) - 1) • lim H 0"" ^^9v) - l)'""' 

Therefore, in all our verifications, we can use only one set of weights, namely vif^ = 
{w^}y, given exactly by the vertex wq, and this is good for all x G -ff \ {1} . In the 
sequel we drop the upper index 0, and we simply write Wy instead . Let us introduce 
the notation 
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We have to show that hnit^i x{ha)Rx{^) satisfies the formulae 3.9(1) and (2) for the 
spin'^ structure a. Since in these formulae we need the product of this limit with 
x{gvo) — 1, we set 5y := for any v ^ vq, but Sv„ ■= Sy„ + 1, and define 

:= • (r-o x{g,J - l)= n 0"" X{9v) - l)'""'. 

In the case of the trivial character x = 1 , we define A{t) via the identity: 

^:=A(t)=n I)'""'- (4) 

Since J^vi^v — 2) = — 1, one gets that A{t) has no pole or zero at t = 1, in fact: 

A{t) = n + •••+*+ 1)^"""'- (5) 

vev 

Let Lq be a fixed generic fiber of the S'^ -bundle over Ey^ used in the plumbing 
construction of M (cf 2.13). Set Gq := Hi{M \ Lo,Z). 

The reader familiar with the theorem of A'Campo about the zeta function associated 
with the monodromy action of a Milnor fibration, certainly realizes that Pi{t) is such a 
zeta function, and A(t) is a characteristic polynomial of a monodromy operator. The 
next proof will not use this possible interpretation. Nevertheless, in A. 10 we will show 
that A{t) G and A(l) is the order of the torsion subgroup of Gq. 

Since H2{M, M\Lo,Z) = Z, one has the exact sequence: 

where i(lz) = gx,'=the homology class in M\Lq of the meridian of Lq viewed as a 
knot in M . Lot be the homology class in Gq of dDy, defined similarly as G H , 
cf 2.13. Obviously, {gv}vev is a generator set for Gq. Define (f: Go ^ Z hy g^ Wy . 
The equations (3) guarantee that this is well-defined. Moreover, since gcd ({«)„}„) = 1, 
if is onto. Then clearly, its kernel T is exactly the subgroup of torsion elements of 
Go- Let j: T Gq be the natural inclusion. Again by (3), tp{goo) = hence 
the composition ip o i in multiplication by m . These facts can be summarized in the 
following diagram (where r is induced by (^): 

T 
j 

Z ^ Go 
|l ^ 

z ^ z 

It is convenient to identify Z^ with a subgroup of Q/Z via Zm ^ ^ ^ G Q/Z. 
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A. 9 Lemma For any h G H, r{h) = hMigvoi^) above identification. 

Proof It is enough to verify the identity for each g^, v G V. In that case, r{gv) = 
Qifigv)) = Wv = Wv/m e Q/Z. But by 2.2 and A.8(3), bM{9vo,9v) = -{iJ-vo, l^v)q = 

— fJby{I~^ fJby^) =Wy/m US WBU. □ 

Fix 5 e Go so that ip{g) = Iz. This provides automatically a splitting of the exact 
sequence ^ T ^ Go ^ Z ^ 0, ic, a morphism s: Gq ^ T with s o j = idx and 
s{g) = It- In the sequel, we extend any morphism and character to the corresponding 
group- algebras over Z (and we denote them by the same symbol). For any character 
^ of Go wc define the representation (_t- Go ^ C[[t,f^^]]* given by ^f(x) = (_{x)t'^^^^\ 
(This can be identified with a family of characters. Indeed, for any fixed t G C* and 
character ^, one can define the character given by a; i— > ^(a;)f^(^^ . Eg, ior ^ = pox, 
is just a more convenient notation for the action t x, cf A. 4 and A. 5.) 

Now, the point is that the identity (4) has a generalization in the following sense. 

A. 10 Theorem For any character ^ € Gq define 

hit) := n {^^^9v) - l)'""'= n (^"^ ^^9v) - l)'""'. 

Tlien there exist an element 6 € Z[Go] such that the following hold. 

(a) For any ^ G Go 

(b) hid) = A{t) ; 1(6) = auQiS) = A(l) = \T\ . 

(c) s{6) = St , wiiere St := Exgt ^ G ^l^] ■ 

Proof From the first part of the proof (cf A.3.(b) and A.5(t)) follows that limt^i 
P({t), modulo a multiplicative factor of type T^{x), for some a; G Go, is the Fourier 
transform of the Reidemeister-Turaev torsion T on M\Lq associated with some spin'' 
structure (whose identification is not needed here). By [48, 4.2.1], 7 — St/(1 — g) G 
I'IGq] , identity valid in Q{Go) , the ring of quotients of Q[Go] . By the first statement 
P^it) = T^t{x1) for any ^ € Go- Hence, for some A G Z[Go] one has: 

P4(t) = 6(A)±6(^). (*) 

This identity multiplied by ^t((? — 1), for ^ = 1 and i ^ 1, and via (4), provides 
A(l) = ±|r|. By (5), A(l) is positive, hence in (*) ±1 = +1. Moreover, A(l) = |T|. 
Now, if one defines 5 := ^4(5 — l)+a;ST, then (a) and (c) follow easily, and lt{S) = A{t) 
is exactly (4). □ 
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In order to verify 3.9(1) and (2), we will apply the above theorem to special characters 
of the type C = X where x S _ff . It is clear that for any y £ Z[G'o] and h ^ H , the 
sum ^ x(/i) • X°P{y) — S x{h'P{y)) over x £ -ff is an integer multiple of \H\ . Hence: 

7^E'^w-x°^'(2') = -r^^^''^'^^^^ = ~r^""0^^) (modz). (6) 

Using the splitting of Go into T x Z given by g, one can easily verify that in Q(Gq) 

y " g Z[Go] for any 2/ e ZfGo]. (7) 
In the sequel, we write simply xt for (x o p)i . 

A.ll Verification of 3.9(1) Now we will verify that x{h)Rx{t) (x & H \ {!}) 
satisfies 3.9(1) for h = ftcr (in fact, for any h G H). For this, fix a vertex vq, and 
g € Go with ip{g) = 1 as above. Take an arbitrary x G Gq. Then we have to show 
that 

-i- lim ^'x(/i)4W(i""°x(5.o) - ^){Xt{x) - 1) = -bMigvo,P{x)) (mod Z). (8) 
Via A. 10, the left hand side of (8) is 

Set a :— (p{x). Since s{Sx) = s((5), (9) transforms as follows (use (6), (7) and A. 10): 
1 1- tSx-s{5x) 5-s{5) 1 (5a; - s(fe) 5 - s(5) 

1 , A(i)r - ITI - A(t) + \T\ 1 , , , a , , 
= -— - lim — ' ' '--'^11 = _ A(l a = (mod Z). 

But the right hand side of (8), via A. 9, is the same —a/m G Q/Z. 

A. 12 Verification of 3.9(2) Now we will verify 

lim Y.'xiha)Rx{t){r-°x{9vo) - 1) = -c\%a){g,o) (mod Z). (10) 

The left hand side is 

Xt{S) 



-i-iim^'x(M: 
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The fraction in this expression can be written as (cf (7)) 

^ 5-1 ^ Xt(5')-1 

This sum-decomposition provides two contributions. The first via (6), (7) and A. 10 
gives: 

xeii 

where A'{t) denoted the derivative of A with respect to t. On the other hand, cf (5), 

^-\-(^ ,. r"-^ + ---+^+iy 

hence 

A'(l) Iv-.- 
^=2E(^''-2)K-1)- 

Since A(l) = \T\ = \H\/m, the first contribution is 

jL lim ^ • X*(^) = E(^"^ - 2)K - 1). 

For the second contribution, notice that x{s{S)) = x(^t) is zero unless x is in the 
image of f: ^ .ff; if x is in this image then x{^t) = \T\. For any x € I'm we 
write x(l) = C- Assume that r{ha) = —a (or equivalently, r{ha) = — — e Q/Z). 
Then " 

^ li-i E'x(/^^) • 4^ = mf^. E 'x(/^<^) • = - E V • -r^. 

1^1 Xt(5) - 1 l^^l ^ xt[g) - 1 m f-^ C - 1 

x&H xeZm c,fc^m 

Since 

^Eff]^ = 0(-dZ), 
one gets that the second contribution is (cf B.6): 

— V C • 7 — 7 = + — 7 7 — 7 = 7^— ™ - 1 mod Z). 

Therefore, the left hand side of (10), modulo Z, is 

-^E(^-2)(..-i)-^--L(^-i). 
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Notice that J2v (<5t, — 2) = — 1 . Moreover Wy = —mlyj-^ , and the coefBcient ry^ of Zk 
equals 1 — J^vi^v — ^)Ivvo (^^ ^•-^)' hence the above expression can be transformed into 

1 1 v^.t: „n a 1 1 a 

V 

Now, let us compute the right hand side of (10). Since h^-cJcan = f one has 2hcr+ZK = 
c{a). Then the characteristic element which provides a is — c(cr) = —2ha — Zk- 
Therefore 

-t{^){9vo) = ^{Dva-ZK-2K,DyjQ = -(^I-J^Ey-"^ryE^,Dy„)Q-{ha,Dy^)Q 

V V 

1 1 ^ 

But, using 2.2 and A.9, {ha,Dy„)Q = -bM{ha,9vo) = -r{h) = ^. This proves 
A. 12(10). At this point we invoke the following elementary fact. 

Suppose q\ , q2 are two quadratic functions on the finite abelian group H associated 

with the bilinear forms 61,62; and S d H is a generating set such that qi{s) — 92(5) 
and 61 (s, h) = 62(3, h) for all s G S and h G H . Then qi{h) = q2{h) for all h £ H . 

Using A. 11(8), A. 12(10) and the above fact we obtain 3.9(2), for any h. The identity 
3.9(2) implies that x{ha)Rx{t) = '^M,a{x)- This concludes the proof of Theorem 5.7. 

(Notice that, in fact, we verified even more. First recall, cf [49], that the sign of the 
(sign-refined) torsion is decided by universal rules. In some cases its identification is 
rather involved. The point is that the above verification also reassures us that in (t) 
we have the right sign.) □ 



B Basic facts concerning the Dedekind— Rademacher 
sums 

In this Appendix we collected some facts about (generalized) Dedekind sums which 
constitute a necessary minimum in the concrete computation of the Seiberg-Witten 
invariants (and in the understanding of the relationship between Dedekind sums and 
Fourier analysis). Let [xj be the integer part of x, and {x} := x — \x\ its fractional 
part. In the paper [43], Rademacher introduces for every pair of coprime integers h, k 
and any real numbers x, y the following generalization of the classical Dedekind sum 

s[h, k; .) = E ( (^) ) ( + ) = -si-h, k; ,), 
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where ((a;)) denotes the Dedekind symbol 

^^^^^_/ W-1/2 if xGM\Z 
~\ if xeZ. 

A simple computations shows that s{h,k;x,y) depends only on x,y (mod 1). Addi- 
tionally 

s{h, k; X, y) = s{h — mk, k;x + my, y). 
Moreover, have the following result 

A J- J_ _ i - (fc-i)(fc-2) J 

12 ^ 6/c 4 ~ 12fe y ^ ^ 

s{l,k;Q,y) = { (B.l) 

A ^ i 

12 ' fc- 



^ ' )B2{{y}) y€R\Z, 



where B2{t) = t"^ — t + 1/6 is the second Bernoulli polynomial. U x = y = then 
we simply write s {h, k) . Perhaps the most important property of these Dedekind- 
Radcmachcr sums is their reciprocity law which makes them computationally very 
friendly: their computational complexity is comparable with the complexity of the 
classical Euclid's algorithm. To formulate it we must distinguish two cases. 

• Both x and y are integers. Then 

sih, k) + s{k, h) = -\+ (B.2) 

• X and/or y is not an integer. Then 

s{h,k;x,y) + s{k,h;y,x) 

= {{x)) ■ ((y)) + ^^^2(y) + Mhy + kx) + k'^M^:) ^g ^^ 

where ip2{x) := B2{{x}). In particular, if a;,y € K are not both integers we deduce 

i'2{y) +i'2{y + mx) + m'^ip2{x) 

2m ■ 
(B.4) 



s{l,m;x,y) = -{{x)) ■ {{mx + y)) + {{xMy)) + 



An important ingredient behind the reciprocity law is the following identity ([43, 
Lemma 1]) 



IJ. + W 



^ ( ( ^—T- ) ) = (H) foi' any weR. (B.5) 

M=0 ^ ^ 



Qeometry & Topology, Volume 6 (2002) 



Seiberg-Witten invariants and surface singularities 



327 



The various Fourier-Dedekind sums wc use in this paper can be expressed in terms of 
Dedekind-Rademacher sums. This follows from the identity ([20, page 170]) 

^E'l3c = ((^))' forallp,geZ,p>l. (B.6) 

In other words, the function 



is the Fourier transform of the function 



Zp — > C, t \ 



The identity (B.6) implies that 

C*'' ((2tq'^l 

fp=i 



2t- 1 



2p 



where q' = (mod p). Using the fact that Fourier transform of the convolution 

product of two functions Zp ^ C is the pointwise product of the Fourier transforms 
of these functions wc deduce after some simple manipulations the following identity. 

Iv-' C* , q+l-2t 1. 

-pj^, (C-i)(C-i) = -'^'''-^ ^^'-2)- ^^-'^ 

If t = then by (B.5) (and a computation), or by [44, 18a], one has 

By setting q = —1 and t = in the above equality we deduce 

^ E = -(-l.^^'O, -1/2) = .(l,p,0, 1/2) ^^J^ ^ - ^. (B.9) 

The Fourier transform of the function Op^g : Zp ^ C, 1 1— »• {{qt/p)) is the function (see 
[44, Chapter 2, Section C]) 

f i - if C 

{^p = 1}^C, Ci-* 1 2 ^"-^ 



Then 



if c = 1- 



t + 5=0 (modp) 
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This implies (cf also with [44]) 
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